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PHONG BA DAO

Cointegration-based approach for structural health monitoring: 
theory and applications

Summary

Structural Health Monitoring (SHM) has gained a significant importance for aerospace, 
civil and mechanical engineering infrastructures, as well as energy supply systems and many 
other industrial installations. Structural damage detection is a key fundamental element in 
SHM systems and the implementation of damage detection strategies  – in the presence of 
varying environmental and operational conditions  – is one of the most challenging tasks for 
engineering community. Cointegration, a technique originally developed in the economet-
rics field, has recently been introduced to SHM as a promising data-driven method for the 
removal of common long-term trends  – induced by changing environmental and operational 
conditions  – in SHM data. In essence, the theory of cointegration can be used to combine 
nonstationary variables to create a stationary combination purged of all common trends in 
the original data. Therefore cointegration has been seen as an effective solution to the data 
normalisation problem in SHM.

In spite of the fact that cointegration has proved its great potential for SHM, there does 
not exist any overview document about cointegration for SHM. This is the first monograph 
written to address both theoretical background and practical application aspect of cointegra-
tion for engineering in general, and for SHM in particular. Its main objective is to present, 
prove and establish a reliable data analysis/processing approach  – based on the cointegration 
technique  – for structural damage detection and process condition monitoring in the presence 
of changing environmental and operational conditions. The monograph is organized in two 
parts, in which the first part (Chapters 2–4) gives a brief and sufficient introduction to the 
cointegration theory as well as other relevant concepts and the second part (Chapters 5 and 6) 
presents some selected real-world SHM applications of the cointegration-based approach.

The applicability of the cointegration technique for SHM has been demonstrated through 
three case studies: (1) Lamb-wave-based damage detection in aluminium plates in the pres-
ence of temperature changes, (2) damage detection in composite plates using nonlinear 
acoustics under different low-frequency modal excitations, and (3) condition monitoring and 
fault diagnosis of wind turbines using supervisory control and data acquisition (SCADA) 
data acquired from a wind turbine drivetrain under varying environmental and operational 
conditions. These case studies have utilised four damage detection scenarios: (1) geometrical 
features of cointegration residuals, (2) cointegration residuals in control charts, (3) stationary 
statistical characteristics of cointegration residuals, and (4) wavelet variance characteristics of 
cointegration residuals. A new approach for the optimal selection of lag length (or the number 
of lags) to employ in cointegration analysis has been used for abnormal detection in these 



case studies. The results have showed that the cointegration-based approach can effectively 
compensate for the influence of environmental and operational variability in the engineering 
data such that damage or fault can be detected accurately and reliably.

In summary, the work presented in this monograph has successfully proved that cointe-
gration is a suitable approach for the analysis of nonstationary SHM data, a reliable tool for 
the removal of environmental and operational effects from damage-sensitive features, and it 
is perfectly matched to SHM needs.
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PHONG BA DAO

Monitorowanie stanu technicznego konstrukcji  
z wykorzystaniem metody kointegracji:  
teoria i zastosowania

Streszczenie

Monitorowanie stanu technicznego konstrukcji (ang. Structural Health Monitoring, 
SHM) zyskało w ostatnich latach ogromne znaczenie w przemyśle lotniczym, inżynierii 
lądowej, inżynierii mechanicznej, branży energii odnawialnych i wielu innych zastoso-
waniach inżynierskich. Detekcja uszkodzeń jest kluczowym elementem systemów SHM, 
a implementacja strategii wykrywania uszkodzeń  – w obecności zmiennych warunków 
środowiskowych i warunków pracy  – jest jednym z najtrudniejszych zadań w tym zakresie. 
Metoda kointegracji, opracowana i stosowana dotychczas w dziedzinie ekonometrii, została 
niedawno uznana w systemach SHM za obiecujący, bazujący na danych sposób usuwania 
trendów w danych pomiarowych wynikających ze zmiennych warunków środowiskowych 
i operacyjnych. Metoda kointegracji pozwala na równoczesną analizę wielu zmiennych nie-
stacjonarnych w celu wyodrębnienia ich stacjonarnej kombinacji przez usunięcie wspólnych 
trendów z danych wejściowych. Z tego względu metoda kointegracji postrzegana jest jako 
efektywne narzędzie do kondycjonowania danych w systemach SHM.

Pomimo że metoda kointegracji wykazała duży potencjał w zastosowaniach SHM, nie 
istnieje żadna pozycja literaturowa oferująca podsumowanie prac badawczych w tym zakre-
sie. Niniejsza monografia jest pierwszym tego typu dokumentem omawiającym podstawy 
teoretyczne oraz zastosowania praktyczne metody kointegracji, ze szczególnym naciskiem 
na zastosowania w systemach SHM. Głównym celem niniejszej pracy jest przedstawienie 
i omówienie procesu przetwarzania danych, wykorzystującego metodę kointegracji, w zasto-
sowaniu do detekcji uszkodzeń w konstrukcjach i wibrodiagnostyce w zmiennych warunkach 
środowiskowych i operacyjnych. Monografia składa się z dwóch części. Pierwsza część 
(rozdziały 2–4) przedstawia wprowadzenie teoretyczne do metody kointegracji i powiąza-
nych z nią zagadnień. Druga część (rozdziały 5 i 6) omawia wybrane przypadki zastosowań 
praktycznych metody kointegracji w monitorowaniu stanu technicznego konstrukcji.

Stosowalność metody kointegracji w SHM została zademonstrowana dla trzech przy-
padków: (1) detekcji uszkodzeń w płytach aluminiowych z wykorzystaniem fal Lamba 
w warunkach zmiennego pola temperatury, (2) detekcji uszkodzeń w płytach kompozytowych 
z wykorzystaniem metody modulacji wibroakustycznej w warunkach zmiennej amplitudy wy-
muszenia niskoczęstotliwościowego, (3) wibrodiagnostyka i detekcja uszkodzeń w turbinach 
wiatrowych na podstawie danych z systemu SCADA (ang. Supervisory Control and Data 
Acquisition) w zmiennych warunkach środowiskowych i operacyjnych. W tych trzech przypad-
kach zastosowano następujące strategie detekcji uszkodzeń: (1) analiza cech geometrycznych 



wartości resztkowych kointegracji, (2) analiza wartości resztkowych kointegracji w schema-
tach sterowania, (3) analiza stacjonarnych parametrów statystycznych wartości resztkowych 
kointegracji, oraz (4) charakterystyka wariancji falkowej wartości resztkowych kointegracji. 
Zaproponowano również nowe podejście do optymalnego doboru parametru przesunięcia 
(ang. lag length) (lub liczby parametrów przesunięć) wykorzystywanych w metodzie koin-
tegracji. Wyniki przeprowadzonych prac potwierdziły, że metoda kointegracji może zostać 
z sukcesem zastosowana do kompensacji efektów środowiskowych i zmiennych warunków 
pracy wpływających niekorzystnie na jakość danych wejściowych. Dzięki temu detekcja 
wad i uszkodzeń w materiale może zostać wykonana z większą precyzją i niezawodnością.

Podsumowując, prace omówione w niniejszej monografii dowodzą, że metoda koin-
tegracji jest odpowiednia do analizy niestacjonarnych danych pochodzących z systemów 
monitorowania stanu technicznego konstrukcji. Stanowi również doskonałe narzędzie do 
odseparowywania zmienności wynikającej z czynników środowiskowych i operacyjnych od 
cech sygnału niosących informację diagnostyczną, przez co doskonale sprawdza się w sys-
temach SHM.
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1. Introduction

1.1.	SHM	and	similar	research	fields

The process of implementing a damage detection strategy for aerospace, civil and 
mechanical engineering systems is referred to as structural health monitoring (SHM) [1]. 
Here damage is defined as changes to the material and/or geometric properties of these 
systems, including changes to the boundary conditions and system connectivity, which ad-
versely affect the current or future performance of these systems [1, 2]. The basic premise 
of most damage detection methods is that damage will change the stiffness, mass, or energy 
dissipation properties of a system, which in turn alter the measured dynamic response of 
the system. A damage detection process in the context of SHM involves the observation 
of a system over time using periodically sampled dynamic response measurements from 
an array of sensors, the extraction of damage-sensitive features from these measurements, 
and the statistical analysis of these features to determine the current state of the system’s  
health [2].

SHM is any automated monitoring practice that seeks to assess the condition or health of 
a structure. Typically, SHM is associated with online, global damage identification in struc-
tural systems such as aircraft and buildings [2]. There are a number of research fields very 
closely related to SHM, which can be seen as either overlapping with SHM or encompassed 
within SHM [1, 2]. The first field that should be mentioned is Non-Destructive Testing (NDT) 
or Non-Destructive Evaluation (NDE). NDE or NDT concerns the assessment of a structure or 
component’s health through off-line non-damaging procedures. NDE/NDT is usually carried 
out in a local manner after the damage has been located.

Another field related to SHM is Condition Monitoring (CM). CM is analogous to SHM, 
but addresses damage identification in rotating and reciprocating machinery. Thus it can be 
seen as a sub-field of the SHM field. A difference of CM when compared to SHM is the fact 
that the nature of rotating machinery operation influences the way that particular faults can be 
shown in the dynamic responses of the machinery. This is an a priori knowledge that can 
be used in order to achieve a successful CM scheme.

It is important to note that SHM and CM are the focus of this work. However, because 
CM is analogous to SHM and it can be seen as a sub-field of the SHM field, the nomenclature 
“SHM” will be used in this monograph in the way that it encompasses “CM”.
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1.2. Effects of varying environmental  
and operational conditions on SHM

The SHM literature has shown a plenty of features sensitive to various types of dam-
age in laboratory tests [2]. However, one of the largest obstacles that limits the practical 
implementation and commercial application of SHM to real-world structures outside of 
laboratory conditions is the influence of environmental and operational variations (EOVs) 
on damage-sensitive features [3]. EOVs are variations induced by factors, such as ambient 
temperature, wind speed, humidity, traffic loading, operational speed, mass loading. Because 
EOVs influence the systems constantly, any measurements of the system responses can be 
contaminated, and consequently analysed data and extracted features used for damage de-
tection are often corrupted by environmental and operational conditions. This leads to the 
consequence that any potential damage information may be masked or hidden [3]. Hence, 
one of the most important problems in SHM is that of projecting out EOVs from measured 
data such that algorithms or methods used for SHM to detect changes in structural condi-
tion should not raise alarms if the structure of interest changes because of environmental or 
operational variations. This process is termed as the data normalisation problem. A reliable 
SHM system must be able to distinguish between changes caused by damage and those 
caused by time-varying environmental and operational conditions. Many approaches have 
been developed to address data normalisation issues, including regression methods (such as 
multivariate linear regression, multi-layer perceptron neural networks, support vector regres-
sion), machine learning approaches, subtraction methods, projection methods and so on [2]. 
Among these, the principal component analysis (PCA) has been found very efficient, even if 
restricted to linear effects. PCA is a well-established method from multivariate statistics. The 
method  – based on projection schemes  – to find damage-sensitive features which are insensi-
tive to EOVs at the same time. When the measurements of EOVs are available, regression 
models are commonly used to explicitly model the dependency between EOVs and system 
responses or damage-sensitive features.

In order to illustrate the difficulties when dealing with the effect of EOVs on SHM systems 
as well as the solutions proposed to the problem, three damage detection methods  – namely 
vibration-based approach, guided-ultrasonic-wave-based approach, and acoustic-based ap-
proach  – have been selected to introduce in the following. The first reason for the selection 
of these approaches for introduction and discussion is because of the fact that they are most 
commonly used in practice. The second reason is that they are utilised in practical SHM ap-
plications presented in Chapters 5 and 6.

The first approach involves measuring and analysing dynamic or vibration characteris-
tics of monitored structures, such as natural frequencies, damping ratios, and mode shapes 
on a regular basis [4, 5]. The state, and eventually degradation, of the structure is reflected 
in the evolution of these characteristics. It is well known that vibration analysis is the most 
popular technology employed for rotating equipments. For example, the research in [6] used 
vibration based methods for damage detection in wind turbine blades. The vibration data can 
be analysed using two different approaches, i.e., the time domain and the frequency domain. 
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The basis of the time domain analysis is statistical and data-driven methodology. The common 
statistical parameters may include peak amplitude, root mean square, peak-to-peak interval, 
maximum and minimum values, mean, standard deviation, skewness and kurtosis. In the 
frequency domain analysis, the common techniques are the fast Fourier transform (or spec-
trum analysis), order analysis, envelope analysis (or amplitude demodulation) and side-band 
analysis. A review of the state of the art in vibration-based condition monitoring with particular 
emphasis on structural engineering applications was given in [7]. Recently, the work in [8] 
presented a review of studies on signal processing techniques for vibration-based SHM with 
the focus on civil structures. Unfortunately, it is not only the health of a structure that influ-
ences its measurable dynamics, but also the applied excitation and the changing temperature 
are important factors that may erode the damage detection potential of the method [4]. More 
specifically, using structural vibrations to extract damage-sensitive features, problems can 
arise due to variations of the dynamical properties caused by changing environmental and 
operational conditions. The dynamic changes due to the influence of EOVs (e.g., variations 
in temperature, rotational speed, wind speed) may be of the same order of magnitude as the 
variations due to damage making a reliable damage detection impossible [9]. If these effects 
are not taken into account, they can result in false indications of damage. Therefore many 
methods have been developed to deal with the problem. The study in [10] investigated four 
machine learning algorithms  – based on the auto-associative neural network (AANN), fac-
tor analysis (FA), Mahalanobis squared distance (MSD), and singular value decomposition 
(SVD)  – to detect structural damage in the presence of EOVs using vibration-based damage 
identification procedures. As a result, the MSD-based algorithm has been revealed to be 
the best data normalisation approach. The effect of environmental or operational conditions 
in vibration-based SHM applications can be eliminated using the linear factor analysis or 
the nonlinear mixture of linear factor analysis models, as demonstrated in [11]. In case if the 
EOVs cause nonlinear effects, they can be compensated using a Gaussian mixture model 
(GMM), as proposed in [12]. Damage was detected from the residuals after applying principal 
component analysis (PCA) and control charts were used for novelty detection. The proposed 
approach was validated using simulated data and the identified lowest natural frequencies of 
the Z24 Bridge under temperature changes.

The second approach using guided ultrasonic waves has been considered for SHM ap-
plications for many years. Lamb waves are the most widely used guided ultrasonic waves 
for damage detection. Large structures, instrumented with low-profile surface-bonded piezo-
ceramic transducers, can be monitored for different types of internal and surface damage with 
Lamb waves. Various methods and approaches have been developed since the early 1960s, 
as discussed in [13-17]. Despite major research effort in this area, practical engineering 
applications are still limited. The complex wave propagation mechanism (e.g., dispersive 
nature, multiple modes) and the requirement of a significant number of transducers for the 
monitoring of large structures (composite structures in particular) are two important factors 
behind this. It is also well known that Lamb-wave-based methods used for structural dam-
age detection rely heavily on data analysis and interpretation, whereas data collected from 
real-world structures are noisy. In addition, baseline measurements  – representing normal 
(or undamaged) conditions  – are often needed for comparison. Then, damage identification 
process relies on detecting small changes in amplitude, arrival time or frequency in Lamb 
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wave responses. However, data collected from engineering structures in practice are often 
contaminated by operational and environmental conditions. The former includes load condi-
tions, operational speed, mass loading, whereas the latter involves ambient temperature, wind 
speed, air humidity, as discussed in [3]. It appears that temperature variability (instantaneous, 
daily or seasonal) is one of the most important factors limiting practical applications of Lamb 
waves [18, 19]. Many different temperature-related mechanisms can induce changes in Lamb 
wave responses masking possible structural damage. For example, temperature strongly affects 
wave propagation properties (e.g., phase-group velocity, wavelength), structural geometry 
(e.g., expansion-contraction of structures), structural boundary conditions, as well as proper-
ties of piezoceramic transducers (e.g., dielectric permittivity, piezoelectric coefficient), lead-
ing to changes in Lamb wave responses. As a result, Lamb wave features used for damage 
detection  – such as amplitude, arrival time or phase  – are modified, as demonstrated in [20]. 
Therefore it is important to compensate for this effect and to develop methods that are sensi-
tive only to damage but insensitive to operational and environmental conditions to avoid both 
false-positive and false-negative damage detection scenarios. Many approaches have been 
proposed to deal with environmental influences (in particular, temperature effects) in guided 
ultrasonic waves used for SHM applications. A reference-free approach has been developed 
in [21]. The methodology  – based upon the prediction and observation that the first-order 
effect of temperature change of a diffused ultrasonic wave is time dilation or compression  – 
has been shown in [22]. Two different methods have been presented in [23]. The first method 
proposes recording an ensemble of reference signals over a range of temperatures and then 
using the signal in the ensemble that best matches a subsequent signal for subtraction. The 
second method relies on the improvement of sensitivity via an exact compensation scheme 
for the temperature change. Both methods would require large reference databases to ‘train’ 
a damage detector. This would be often expensive and not always possible. Efficient model-
ling could ease this task, as demonstrated in [24]. Baseline subtraction methods  – based on 
multiple baselines  – have been proposed in [18]. Instead of using a single baseline for sub-
traction purposes, a series of baselines are used, covering the range of operating conditions 
of the structure. This approach is known as optimal baseline selection (OBS). More recently, 
a new baseline signal stretch (BSS) method has been proposed in [25]. A combined strategy 
that uses both OBS and BSS was also considered in that work. A multi-stage temperature 
compensation method for Lamb wave measurements has been discussed in [26]. This work 
verified the efficiency of various methods designed for damage detection using Lamb wave 
measurements performed in variable environmental conditions. Advanced signal processing 
can be used to classify temperature-effected Lamb wave data, as demonstrated in [27]. This 
work discussed several ways in which the problem could be circumvented using appropri-
ate signal processing techniques (such as feature extraction based on signal decomposition, 
principal component analysis). A variety of machine learning tools could be also used for 
such investigations, as discussed in [28]. The usage of wavelet transformation with propagat-
ing Lamb waves for distinguishing between different failures has been investigated in [29].

Recent years have shown much interest in the third approach. Many methods  – based on 
vibro-acoustic wave interactions and acoustic emission  – have been developed for SHM over 
the years. Nonlinear acoustics is an active damage detection approach that has received much 
interest for the last twenty years. Various approaches  – based on classical and non-classical 
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nonlinear crack-wave interactions  – have been developed, as intensively reviewed in the 
literature [30–38]. The method based on nonlinear vibro-acoustic wave modulations [30–36] 
is one of the most investigated approaches. In principle, the vibro-acoustic wave modulation 
technique utilises classical and non-classical nonlinear wave phenomena resulting from the 
interaction of high-frequency ultrasonic and low-frequency modal (or vibration) excitation. 
The method has been used for fatigue crack detection in metallic structures [30, 32, 34] and 
impact damage detection in composite structures [31, 33, 35, 36]. Recent studies in [30, 32] 
showed that low strain levels  – associated with modal excitation  – are sufficient to achieve 
good damage detection sensitivity, allowing for potential developments of smart structures 
with built-in actuator-sensor capabilities. However, there are two major difficulties associated 
with the method when it is implemented for damage detection applications. The crack-wave 
interaction often leads to the variety of nonlinear effects arising from different elastic and/
or dissipative mechanisms, which is the first major difficulty, as discussed in [32–39]. These 
mechanisms are still far from clear understanding and therefore it is often very difficult  – if 
not impossible  – to separate nonlinear effects related to damage from non-damage-related 
sources of nonlinearity [33, 39]. The second major difficulty relates to operational param-
eters and conditions. Previous research investigations in [32, 33] showed that the selection 
of ultrasonic and particularly modal excitation frequencies is very important when the non-
linear vibro-acoustic wave modulation technique is used for damage detection. In addition, 
modulation intensity  – used as a damage indicator  – strongly depends on the amplitude of 
low-frequency modal excitation. Consequently, damage detection results are often confusing. 
Previous experimental results in [32, 33] showed that the method works for some and does 
not work for other vibration modes. Higher amplitude levels often tend to produce nonlinear 
modulations even for undamaged structures due to intrinsic effects, such as nonlinearities 
related to material, boundary conditions or measurement chain. These unwanted effects are 
particularly strong in composite structures, where material nonlinearities and intensive dis-
sipation are very common. Therefore compensation for operational effects is very important 
if one wants to develop reliable nonlinear acoustic methods that are sensitive only to damage 
but insensitive to operational conditions.

1.3. Why cointegration has been applied to SHM
Because of the fact that all three typical damage detection-identification methods de-

scribed in Section 1.2 are influenced by operational and environmental conditions, many 
approaches have been developed to deal with undesired effects of EOVs in data used for dam-
age detection, as discussed in [3]. Recently, the (linear) cointegration approach  – developed 
originally in the field of econometrics in the late 1980s and early 1990s [40–42]  – has been 
adapted and employed successfully as a reliable tool for dealing with the problem of operational 
and environmental variability in process engineering [43] and structural health monitoring 
[44–62]. Cointegration is a property of multiple nonstationary time series. Basically, two or 
more nonstationary time series are said to be cointegrated if some linear combination of them 
is stationary. The main idea behind the use of cointegration for SHM is therefore based on 
the concept of stationarity and nonstationarity. In a simplified description, the variables of 
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interest are cointegrated to create a stationary residual whose stationarity represents normal 
(or undamaged) condition. Then any departure from stationarity may indicate that monitored 
processes (or data from monitored structures) are no longer operating under normal condi-
tion. The work presented in [43–62] has demonstrated that when variables from a process or 
structure are cointegrated, the stationary linear combinations of these variables  – obtained 
from the cointegration process  – are purged of all common trends in the original data, leaving 
the cointegration residuals equivalent to the long-run dynamic equilibriums of the process or 
structure. In this case, the common trends removed by cointegration can be the environmental 
and/or operational conditions that drive the response of the monitored process or structure; 
and the cointegration residual has been successfully used as a damage-sensitive indicator 
for identifying damage or abnormal problems. In fact, the ability to remove those common 
environmental and operational trends from multivariate data sets is very desirable when 
considering the data normalisation problem in SHM. The Johansen’s cointegration procedure 
[41, 42] is mostly used to find the most stationary linear combination of the cointegrated 
variables. This procedure is a maximum likelihood approach for finding stationary linear 
combinations of nonstationary variables whose first difference is stationary. Before further 
description and discussion on the cointegration theory and its applications for SHM, it is 
advised to understand, why the cointegration-based approach has been employed for SHM.

First of all, it is worth to mention that the paper “Cointegration and why it works for 
SHM” [63] presented a general discussion about why cointegration is applicable to SHM data. 
The paper has argued that although the theory of cointegration is mathematically complex 
and its use is based on the holding of a number of assumptions on the time series to which 
it is applied, an interesting observation that has emerged from its applications to engineering 
data is that the cointegration approach works very well even though these assumptions do not 
hold in general. The authors have discussed that measured responses from a healthy structure 
exhibit nonstationary behaviour over relatively short time periods, but should generally be 
stationary in the long term. Because one would wish to detect any occurrence of structural 
degradation swiftly, response variables over shorter time periods are of great interest to SHM. If 
this is the case then the cointegration theory can be applied to SHM data for the purposes of 
removing environmental or operational trends from damage-sensitive features so long as the 
variables of interest are nonstationary and, for the utilisation of the Johansen’s cointegration 
procedure [41, 42], they should be integrated of order one, i.e., being nonstationary with first 
difference stationary [63].

Damage detection has been extensively studied in the framework of aerospace, civil 
and mechanical engineering systems by using model-based and data-based approaches [1, 2]. 
Basically, the former typically aims at identifying damage by fitting a numerical model to 
real data, whereas the later is based on processing of data obtained from the monitored struc-
ture without relying on a priori model. As data measurements usually form a multivariate 
sequence ordered with respect to time, it follows that a data-based SHM process is a matter 
of time series analysis in its most general sense [64]. In the context of data-based SHM us-
ing time series analysis, many of the damage detection methods are approaches developed 
in terms of regression analysis and statistical process control (SPC). For example, damage 
detection in a three-story base-excited frame structure using autoregressive models in the 
presence of simulated operational and environmental variability [65], condition monitoring 
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of wind power systems using nonparametric regression analysis [66], vibration-based damage 
detection for a concrete bridge column using SPC methods [67], structural health monitor-
ing of the Z24 bridge in Switzerland using control charts, one of the primary techniques of 
the SPC approach [68], condition monitoring and defect detection of robot joints employing 
nonlinear autoregressive modeling of the acceleration signals [69], early damage detection of 
the bridge over Guadiana river under environmental effects based on multivariate statistical 
analysis [70], damage classification for an eight degree-of-freedom spring-mass system in the 
presence of varying operational and environmental conditions using a combination of time 
series analysis, neural networks, and statistical inference techniques [71]. However, there are 
two main reasons that the cointegration-based approach has been utilised more effectively 
and more frequently in recent years by the SHM research and application community, instead 
of standard regression techniques and SPC-based approaches.

The first reason is that, generally, time series data acquired from engineering systems 
are not stationary and typically exhibit linear or nonlinear trends, fairly regular cycles and 
other nonstationary behaviour. In the case of time series data, SPC-based approaches usually 
require the data to be stationary and, unfortunately, SHM data are often nonstationary because 
of unwanted variations in the environment of the structure of interest, or because of deliber-
ate operational changes in the use of the structure. This nonstationarity can manifest itself 
as slowly varying trends (i.e., long-term trends) on the measured data or in abrupt switches 
between operating regimes [64]. Moreover, the fact that time series data appear to be nonsta-
tionary creates many difficulties for the analysis. For these series, traditional dynamic PCA 
or other statistical modeling methods are not applicable because the statistical properties of 
nonstationary variables are time-variant. In the presence of nonstationarity, standard regres-
sion techniques and inferences made on such regressions have been found to be unreliable 
[63, 72]. If the variables in the regression model are not stationary, then it can be proved 
that the standard assumptions for asymptotic analysis is not valid. In other words, the usual 
t-ratios will not follow a t-distribution, so one cannot validly undertake hypothesis tests about 
the regression parameters. Another problem is that standard regression techniques fail when 
dealing with nonstationary variables, leading to spurious regressions that suggest relation-
ships even when there are none, i.e., spurious correlations. What is a spurious correlation? 
A spurious correlation is a relationship wherein two variables or events that actually have no 
logical connection are inferred to be related due an unseen third variable or event. In other 
words, a spurious correlation wrongly implies a cause and effect between two variables. This 
problem was first mentioned by Granger & Newbold in 1974 in their seminal article on regres-
sions with nonstationary variables [73]. When the variables in a regression are nonstationary, 
R-square values and t-statistics no longer follow the usual distributions and can be wildly 
inflated. For example, if two nonstationary time series show monotonic trends, even if the 
trends are not causally related, ordinary least-squares (OLS) regression will potentially find 
a spurious relationship. Granger & Newbold [73] demonstrated that nonstationary regression 
is also unreliable in a less obvious case, that is, random walks with no trend or “drift” that 
moves the series in the same direction over time. Moreover, as the sample size gets larger, 
the problem of spurious regressions with nonstationary variables gets worse, not better. The 
t-statistic between unrelated random walks goes to infinity rather than zero as the sample 
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size approaches infinity. Because standard regression models for nonstationary variables give 
spurious correlations, it is desired that the model can eliminate nonstationary stochastic trends 
to produce stationary residuals. This is indeed the domain for which cointegration has been 
developed. Cointegration theory first arose in the field of econometrics to address the prob-
lem of spurious regressions when the variables are nonstationary and to expose truly causal 
relationships. Hence, for the analysis of nonstationary time series data one must rely upon the 
theory of nonstationary time series and should always “think” in terms of cointegration [74].

The second reason is that, applications of cointegration to SHM data (reported in [43–64])  
have demonstrated the ability to remove linear or nonlinear common trends caused by 
varying environmental or operational conditions (i.e., the influence of EOVs) from damage-
sensitive features. The concept of common trends in this context can be explained as follows. 
When a structure of interest is monitored outside of laboratory conditions, often changes in 
the structural response caused by environmental or operational variations (e.g., fluctuating 
temperature or load conditions) can mask any indication of damage. However, if a number 
of monitored variables are all affected by the same changing environmental or operational 
condition (temperature or load), those variables are said to share common environmental or 
operational trends. Cointegration could be used to remove these common trends and create 
a stationary variable independent of environmental or operational effects that still maintains 
its sensitivity to damage. How does this common trend removal mechanism work? Since 
environmental or operational variations (such as ambient temperature, wind speed, humidity, 
traffic loading, operational speed, mass loading) usually manifest themselves on longer times-
cales than the dynamics of the structure that are sensitive to damage, whereas at the same time, 
the operation mechanism of cointegration is to project out components of data that correspond 
to common long-term trends [40–42]. In other words, cointegration theory allows such trends 
common to two or more nonstationary time series to be modeled and subsequently removed. 
Hence, the cointegration residual retains sensitivity to damage with dependence on operational 
and environmental variability removed. In the case if changes in operational conditions cause 
the structure of interest to abruptly switch between operating regimes, these operational varia-
tions tend to manifest as short timescale transients. For example, changing loading conditions 
in guided-wave damage diagnostics or changing low-frequency modal excitation conditions in 
nonlinear vibro-acoustic wave modulations. Such operational variations may be well handled 
by considering the structure as switching between different normal conditions [64]. Then 
the problem can be solved by using regime-switching error correction models under a linear 
cointegration scheme or by employing a regime-switching-based nonlinear cointegration ap-
proach. Moreover, it has been argued that other approaches  – based on regression analysis 
and SPC-based approaches  – cannot effectively compensate for (or remove) the undesired 
effect of EOVs in data used for structural damage detection and condition monitoring. For 
example, the work in [64] has recently provided a comparison between results from PCA and 
cointegration analysis for a case study using Lamb wave data from a composite laminated 
plate exposed to temperature variations in an environmental chamber. The investigation has 
discussed that there are two respects in which the cointegration approach appears to be superior. 
The first respect is that cointegration has been more successful in removing the temperature 
trend; and the second respect is that cointegration has higher sensitivity in damage detection.
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In summary, SHM data acquired from real-world structures typically exhibit nonstationary 
behaviour and, at the same time, one essential condition for the utilisation of the Johansen’s 
cointegration procedure is that the cointegrated variables are nonstationary with first differ-
ence stationary. This implies that cointegration is well matched for the analysis of SHM data. 
Then, in order to avoid the problem of spurious regressions with nonstationary variables and 
to effectively deal with the influence of environmental and operational conditions on SHM 
data, cointegration has been broadly applied to the SHM problem. The method has been suc-
cessfully employed for many damage detection and condition monitoring applications where 
the measured response data are nonstationary, the extracted features used for damage detection 
are linearly or nonlinearly related, and the slowly varying trends induced by operational or 
environmental variability in the feature data are linear or nonlinear, as presented in [43–62]. 
These applications are shortly described in the following.

1.4. A review of cointegration-based approaches for SHM
First of all, it is necessary to note that cointegration has been brought to SHM since 2009 

with its first application was devoted for monitoring nonstationary processes of an industrial 
distillation unit [43]. This pioneering work was done at the Nanjing University (Nanjing, 
China). The results illustrated that a tidy cointegration model could describe the dynamic 
equilibruim state of the unit and correctly detected abnormal behaviour of the investigated 
process. Afterward, the research topic on applying cointegration for SHM has been mainly 
performed by two research groups, one at the University of Sheffield (Sheffield, South 
Yorkshire, England) and another one at the AGH University of Science and Technology 
(Krakow, Poland), where the author of this monograph has been working since July 2011. 
Some representative publications from both research groups are introduced in the following.

The idea of using cointegration for dealing with the problem of temperature variability 
in SHM data was firstly considered in [44, 45]. The method was illustrated using Lamb wave 
data from a composite laminated plate exposed to temperature variations in an environmental 
chamber. The study has concluded that in essence no information is being lost in the coin-
tegration process as features are created through combinations of monitored variables. In 
other words, the cointegration analysis only removes common trends existing in cointegrated 
variables, but does not remove their own distinct features, that is, information representing 
structural damage and abnormal conditions. Recently, multiple cointegration residuals ob-
tained from the cointegration process of Lamb wave data and the differences in stationary 
statistical characteristics of Lamb wave data before and after cointegration analysis were used 
in [46, 47] to remove temperature effects. The method was applied for damage detection of 
aluminium plates to demonstrate that not only the influence of temperature variations can be 
removed but also damage can be detected and its severity can be assessed. More recently this 
approach has been used for multiple temperature trend removal in [48]. The cointegration 
method used for damage detection was extended to the context of multiresolution analysis [49] 
and fractal signal processing [50] via the discrete wavelet transform. Lately, a cointegration-
based approach to nonlinear acoustics used for impact damage detection in smart composites 
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was investigated in [51]. The proposed method was validated using vibro-acoustic data from 
laminated composite plates and composite sandwich panels. The results have demonstrated 
that the method can effectively compensate for the effect of low-frequency modal excitation 
in nonlinear vibro-acoustic wave modulations and detect the damage more accurately and 
robustly than the existing nonlinear acoustics based on the analysis of modulation sidebands. 
Cointegration analysis was also applied for condition monitoring and fault diagnosis of wind 
turbines using SCADA data under changing environmental and operational conditions [52]. 
It is important to note that the choice of lag length in cointegration analysis has a strong 
influence on damage detection results, where any wrong selection of lag length can lead to 
false damage detection alarms. Therefore, a new approach for the optimal selection of lag 
length in cointegration analysis used for damage detection has been recently proposed in 
[53]. Besides Sheffield and Krakow, the cointegration-based approach has been successfully 
applied for SHM by other research groups from all over the world. Some selected applica-
tions are introduced hereinafter.

Nonstationarity and cointegration tests were used for condition monitoring and fault 
detection of nonstationary dynamic processes in industry, as illustrated in [54]. The work uti-
lised nonstationary tests to identify the nonstationary variables in a dynamic process, and then 
adopted cointegration analysis to describe the stochastic common trend among cointegrated 
variables, which can be used to construct monitoring indices. A case study on the well-known 
benchmark Tennessee Eastman process showed that the proposed process monitoring method 
can efficiently detect faults in the nonstationary dynamic process.

Cointegration was also applied to analyse time histories of identified modal frequen-
cies  – acquired from a permanently monitored long-span arch bridge in the presence of vari-
able environmental and operational conditions  – to reveal structural damage with varying 
damage severity using control charts [55]. The cointegration-based method was compared 
with other multivariate statistical analysis techniques, which are based on dynamic regres-
sion models, linear and local principal component analysis, as well as on their combinations, 
including the newly proposed method based on the combination of dynamic multiple linear 
regressions and local principal component analysis. Despite the existence of significant en-
vironmental and operational effects on natural frequencies, all investigated techniques have 
proven to be effective in detecting damage. However, the obtained results have revealed that 
the cointegration-based method requires a much shorter training period in normal conditions 
compared with all other methods [55].

In the study [56] a pair cointegration method was used as a sufficient way to remove 
the influence of environmental variables. The damage detection scheme is based on the 
residual-based control chart. The jump exceeding the control limit in the residual indicates 
the occurrence of damage, while the direction and magnitude imply the most potential dam-
age location. The simulation results showed that the proposed method has strong ability to 
resist the effect of environmental variables.

An approach based on cointegration and control chart technique was proposed in [57] 
for identifying damage under operational and environmental variations. Cointegration theory 
was used as a data normalisation technique to remove the stochastic common trend, induced 
by operational and environmental conditions, in the measured static response observed from 
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several locations on a large-span bridge. Results demonstrated that this method can success-
fully identify damage despite the operational and environmental variations.

The work presented in [58] also used cointegration as a data normalisation tool for 
SHM applications in the presence of changing operational and environmental conditions. 
Because cointegration theory allows nonstationary trends common to two or more time 
series to be modeled and subsequently removed, the residual retains sensitivity to damage 
with dependence on operational and environmental variability removed. Cointegration was 
applied for a synthetic mass, spring, damper system with a single varying parameter and 
damage simulated by reduction of a single spring stiffness. The results revealed that damage 
detection performance can be improved by retaining multiple cointegration residuals instead 
of only one. However, the data normalisation procedure could not achieve the desired results 
outside of the parameter ranges included in the training stage because the cointegration model 
does not truly fit the complex functional dependence of most common damage features on 
structural, operational, and environmental parameters. In this case, the nonlinear approach 
to cointegration has been suggested.

A fault diagnosis method for nonstationary engineering systems using cointegration 
coefficients matrix was proposed in [59]. System variables were first verified to be integrated 
of first order through unit root test, and then the Johansen procedure was used to estimate the 
matrix of cointegration coefficients. A classification algorithm using support vector machine 
was employed to train the cointegration model and test the accuracy of classification. The 
method was applied to the fault diagnosis of a simulated hydraulic flap servo system using 
five system variables, including input orders and flap angle, as the cointegration variables. The 
test results indicated that the cointegration coefficients matrix model has great fault diagnosis 
ability for nonstationary systems.

A cointegration-based monitoring method for rolling bearings working in time-varying 
operational conditions was recently developed in [60]. The proposed method was applied to 
vibration signals measured on an experimental bearing test rig. The signals  – acquired dur-
ing run-up condition  – were first decomposed into zero-mean modes called intrinsic mode 
functions using the improved ensemble empirical mode decomposition method. Next, coin-
tegration analysis was applied to the intrinsic mode functions to extract stationary residuals. 
The feature vectors were then created by applying the Teager-Kaiser energy operator to the 
stationary residuals. Finally, the feature vectors of the healthy bearing signals were utilised 
to construct a separating hyperplane using the one-class support vector machine method. The 
results confirmed that the method could successfully distinguish between healthy and faulty 
bearings even if the shaft speed changes considerably.

An interesting application of cointegration to analyse vibration signals for local damage 
detection in gearboxes was presented in [61]. The work started with the assumption that the 
correlation of given vibration signal is periodic and its period can be measured. Then, signal 
was restructured and divided into sub-signals according to the discovered period. Next, sub-
signals were checked if they are integrated and the cointegrating vector was calculated by 
using the least squares method. Finally, in order to test if the cointegrating vector corresponds 
to healthy or damaged gearbox the authors examined whether it exhibits random (chaotic) 
behaviour by using the Wald-Wolfowitz test for randomness. The proposed methodology was 
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validated using simulated vibration signals and real data from a two-stage gearbox (with first 
stage being conical and second cylindrical) used in mining industry. Based on the analysis of 
cointegrating vectors the damaged gearbox could be detected.

The work in [62] introduced an effective application of cointegration to a full-scale 
aeronautical stiffened structure, consisting of a tail boom of a military helicopter subject to 
fatigue crack growth. A constant-amplitude load was used to create a fatigue crack from an 
artificial notch at a riveted joint. The fatigue crack propagation was monitored using real-
time distributed strain measures by a fiber Bragg grating (FBG) sensor network. However, 
because strain measures by FBGs are known to be extremely sensitive to temperature varia-
tions thus strongly affecting the robustness of any selected feature dependent on the strain 
field, cointegration was used for the removal of temperature-induced strain variations. The 
results proved the effectiveness of cointegration as an environmental compensator; the ef-
fect of temperature change is filtered from the strain signals acquired during the test thus 
emphasising the influence of damage on the strain field pattern and providing a more robust 
feature for damage identification.

Applications of cointegration to real-world SHM systems have demonstrated that the 
cointegration process can effectively remove such common long-term trends induced by 
varying environmental and operational conditions from nonstationary time series data. It 
should be mentioned here that all applications  – reported in [43–64]  – employed the linear 
cointegration theory that was originally developed in [40–42] and intimately connected with 
the concept of linear error correction models [40]. However, it is well known that response 
signals measured from engineering structures often exhibit not only nonstationarity, but also 
nonlinear behaviour. Moreover, operational and environmental trends are typically believed 
to be nonlinearly related with response data used for damage detection. If this is the case then 
the conventional linear cointegration theory might be no longer suitable for structural damage 
detection and therefore a nonlinear approach to cointegration is highly needed.

Research on linear cointegrated time series was extended in econometrics to two major 
nonlinear approaches, as overviewed in [75]. The first approach has focused on nonlinear 
short-run dynamics in error correction models with the goal being to model potentially 
nonlinear adjustment mechanisms to deviations from long-run equilibrium relations. The 
best-known example of this approach is the concept of threshold cointegration and its smooth 
versions that were intensively studied in [76–79]. The second approach has attempted to 
make the cointegrating relations themselves nonlinear. The model used in this context is 
a nonlinear cointegrating regression or a nonlinear regression with integrated regressors, 
as presented in [80–84]. Some typical applications of nonlinear cointegration in economics 
were described in [85–87]. The work in [88] brought the concept of nonlinear cointegration 
to SHM where data trends have nonlinear characteristics. This attempt proposed two possible 
approaches to nonlinear cointegration, i.e., an optimisation-based method and a variation of 
the well-established Johansen’s cointegration procedure [41, 42] that is based on the use of 
an augmented basis. Both approaches were examined using a simple theoretical example (i.e., 
time series data with a nonlinear quadratic deterministic trend) and experimental vibration 
bridge data. Although this study has shown some interesting results, two major problems 
were observed. Firstly, with respect to the theoretical example, the variance of cointegration 
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residuals increased with time, although cointegrated variables were mean stationary. This 
behaviour  – known in mathematics as the heteroscedasticity  – implied that strictly station-
ary cointegration residuals could not be obtained. Secondly, with respect to the bridge case 
study, to avoid the problem of nonlinearity between modal frequencies and temperature, the 
entire data set was not used in the analysis and therefore the nonlinear temperature dependent 
trends were not completely removed. It is clear that reliable damage detection methods based 
on nonlinear cointegration would require homoscedastic cointegration residuals (i.e., strictly 
stationary residuals) to avoid false damage detection alerts. Recently, the work [89–91]  – 
done at the AGH University of Science and Technology  – has investigated a new approach 
to nonlinear cointegration, with applications to SHM systems and condition monitoring of 
wind turbines  – that could solve the problems of heteroscedasticity and nonlinear trend re-
moval. As a result, an approximately homoscedastic nonlinear cointegration method (or in 
other words, a variance stabilizing nonlinear cointegration method) has been proposed for the 
removal of undesired (environmental, operational or measurement) trends from SHM data. 
Other attempts on extending the conventional linear cointegration approach to a nonlinear 
context have been made at the University of Sheffield, as reported in [92–94]. A nonlinear 
cointegration procedure was suggested in [92] as a combinatorial optimisation problem that 
makes use of a genetic algorithm in order to create a nonlinear combination of variates. The 
optimisation procedure was used to select an optimal subset of the candidate terms, with the 
parameters for combination then determined by exploiting linear cointegration theory. The 
application of the proposed procedure was demonstrated via simulation data. However, the 
results showed that the method has also faced the problem of heteroscedasticity. Recently, 
a nonlinear cointegration approach  – based on Gaussian process regression  – was proposed 
in [93] and a regime-switching-based nonlinear cointegration approach was developed in [94] 
for removing environmental and operational variations in SHM data. Both approaches were 
examined with real engineering data from the monitoring process of the Z24 Bridge; they 
both gave promising results, showing that all the benign environmental effects have been 
successfully removed. Again, it should be mentioned that the two research groups (Sheffield 
and Krakow) have been active in developing nonlinear cointegration approaches with ap-
plications to structural health monitoring.

Finally, it should be highlighted that the Nobel Prize in Economic Sciences in 2003 
was divided equally between Robert F. Engle (New York University, USA) for “methods of 
analyzing economic time series with time-varying volatility (ARCH)” and Clive W.J. Granger 
(University of California at San Diego, USA) for “methods of analyzing economic time series 
with common trends (cointegration)” [95]. This is a great acknowledgement of people on the 
worthy contribution of the cointegration theory with respect to economics.

1.5. Motivation and scope of this monograph
Hopefully, the previous sections have convinced the reader that the cointegration theory 

is a useful tool for the removal of EOVs influences (in terms of common long-term trends) 
in SHM data and it is well matched to the SHM problem. Since its first application for the 
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condition monitoring of an industrial distillation unit which was reported in 2009 [43], coin-
tegration has been broadly applied to SHM. There are approximately 60 scientific papers on 
the research topic published in journals, books and conference proceedings up to date, in 
which 30 selected papers have been briefly introduced and reviewed in Section 1.4. Among 
these, many studies have explored the use of cointegration as a data normalisation tool for 
SHM. This fast-growing number of applications implies that cointegration has proved to be 
a promising data normalisation method for the removal of such common (nonstationary) 
long-term trends, which are caused/driven by environmental and operational conditions in 
SHM data. In brief, cointegration has shown the great potential for SHM.

The cointegration-based approach has been successfully applied for various SHM sys-
tems/applications, as presented in Section 1.4. These applications may be classified into four 
groups or categories based on damage detection scenarios (or damage-sensitive indicators) 
used for identifying damage or abnormal problems.

Group 1: Use the geometrical features of cointegration residuals (e.g., peak-to-peak 
amplitude of residuals, residual shape, residual trending, residual variance) which can be 
checked visually [43, 46–48, 63, 88–92].

Group 2: Use the cointegration residuals or residual-based statistical features in the 
context of the control chart approach [44, 45, 49, 52, 55–58, 62, 64, 88, 93, 94].

Group 3: Use the stationary statistical characteristics of cointegration residuals [46–48, 
51, 53].

Group 4: Others detection scenarios including:
– Use the wavelet variance characteristics of cointegration residuals [50].
– Use the common trends shared by cointegrated variables [54].
– Use the cointegration coefficients matrix [59].
– Based on the analysis of cointegration residuals (using the ensemble empirical mode 

decomposition, Teager-Kaiser energy operator, and support vector machine) [60].
– Based on the analysis of cointegrating vectors [61] (using the Wald-Wolfowitz test [96] 

for randomness).

One can notice that the majority of applications have used the damage detection scenarios 
from Group 1 and Group 2.

It should be mentioned that amongst about 60 scientific papers published on the research 
subject the author of this monograph has contributed 23 peer-reviewed papers (including 
eight ISI journal articles with high impact factors, three other articles in journals indexed 
in Scopus, one book chapter and eleven conference papers). These papers cover damage 
detection scenarios from all four groups listed above. In addition, it is worth to note that the 
method using the stationary statistical characteristics of cointegration residuals (Group 3) 
and the technique employing the wavelet variance characteristics of cointegration residuals 
(in Group 4) are the approaches developed by the author.

Despite the fact that cointegration has proved its great potential for SHM through the 
fast-growing number of scientific papers published in recent years, there isn’t any overview 
document about cointegration for SHM. It is important to note here that this is the first 
monograph written to address both theoretical background and practical application aspect 
of cointegration for engineering in general, and for SHM in particular. Also, one of the main 



purposes of this monograph is to provide an overall document (as guidelines) that can ef-
fectively assist readers on applying cointegration-based damage detection scenarios for their 
own SHM problems. In order to achieve this objective, besides introduction to the theory of 
cointegration, the author will present in this monograph real-world applications which utilise 
damage detection scenarios from all four groups, i.e.:

– The use of geometrical features of cointegration residuals (Group 1) is illustrated through 
a case study on Lamb-wave-based damage detection in aluminium plates under tempera-
ture variations in Section 5.2 (using peak-to-peak amplitude of cointegration residuals).

– The use of cointegration residuals in control charts (Group 2) is illustrated through a case 
study on condition monitoring and fault diagnosis of wind turbines using SCADA data 
in Chapter 6.

– The use of stationary statistical characteristics of cointegration residuals (Group 3) is 
illustrated through: (i) a case study on Lamb-wave-based damage detection in alumin-
ium plates in the presence of temperature changes in Section 5.2; and (ii) a case study 
on damage detection in composite plates using nonlinear acoustics under different low-
frequency modal excitations in Section 5.3.

– The use of wavelet variance characteristics of cointegration residuals (Group 4) is illus-
trated through a case study on Lamb-wave-based damage detection in aluminium plates 
under temperature changes in Section 5.2.

Briefly, long working experience of the author on the subject and the lack of an overall 
document covering both fundamental theory and practical application of the cointegration 
technique for SHM are the motivations to bring this book to completion. Given the above 
discussion, the main purposes of this monograph can be defined:

– Provide a brief and sufficient introduction to the cointegration theory as well as other 
relevant concepts, and to illustrate the cointegration method through numerical simula-
tion examples. Basically, these examples involve the cointegration analysis of nonlinear 
and nonstationary time series sharing common trends. This part is covered in Chapters 
2–4 and it is necessary for the reader to understand practical applications of the cointe-
gration-based approach for SHM & CM presented later.

– Demonstrate the practical application of cointegration for SHM through two case stud-
ies: (1) structural damage detection in aluminium plates using lamb waves under tem-
perature variations; (2) impact damage detection in composite plates using nonlinear 
acoustics under load changes. This part is covered in Chapter 5.

– Demonstrate the practical application of cointegration for CM through a case study, i.e., 
condition monitoring and fault diagnosis of wind turbines under varying environmental 
and operational conditions. This part is covered in Chapter 6.

In summary, this monograph is the first attempt to bring together recent research de-
velopments related to the application of cointegration to the problem of structural damage 
detection and condition monitoring in SHM under EOVs influences. The major focus is on 
the algorithms and damage detection methods based on the cointegration developed by the 
author for the last seven years.
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2. Stationarity and nonstationarity

Stationarity and nonstationarity are explained in the field of econometrics using mod-
els. This is rather in contrast to engineering fields, where statistical moments or instan-
taneous characteristics are used [1]. This chapter describes briefly econometric concepts 
related to time series analysis used in this monograph. The text is mainly redrawn from 
the excellent practical-oriented material presented originally in [2, 3]. For more theo-
retical details, potential readers are referred to publications from the econometrics litera- 
ture [4, 5].

2.1.	Definitions	and	basic	concepts

Let {zt} = {..., zt-1, zt, zt+1,...} denote a sequence of random variables indexed by some 
time subscript t. Call such a sequence of random variables a time series [2].

Definition 1: A time series is a sequential set of data points (or observations), usually 
collected at regular intervals.

A time series containing records of a single variable is termed as univariate. When 
records of more than one variable are considered, it is termed as multivariate. A time se-
ries can be continuous or discrete. Observations of a continuous time series are measured 
at every instance of time, whereas observations of a discrete time series are measured at 
discrete points of time.

Time series analysis refers to problems in which observations are collected at regular 
time intervals and there are correlations among successive observations. The aims of time 
series analysis are to describe and summarise time series data, fit low-dimensional models, 
and make forecasts.

A time series in general can be decomposed into four elements [3]:
– trend (Tt)  – long term movements in the mean,
– seasonal effects (it)  – cyclical fluctuations related to the calendar,
– cycles (ct)  – other cyclical fluctuations (such as a business cycles),
– residuals (ut )  – other random or systematic fluctuations.
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The idea is to create separate models for these four elements and then combine them, 
either additively

 z T i c ut t t t t= + + +  (2.1)

or multiplicatively

 z T i c ut t t t t= × × ×  (2.2)

The cointegration method (see Chapter 3) is often used to remove the trend (Tt), seasonal 
effects (it), and cycles (ct) from time series data.

Stationarity of time series is essentially a restriction on the data generating process 
over time. In particular, stationarity means that the fundamental form of the data generat-
ing process remains the same over time [2, 3]. This can be manifested in the moments of 
the process. For example, mean stationarity means that the expected value of the process is 
constant over time, i.e.,

 E z tt  = ∀m  where m is constant (2.3)

Similarly, variance stationarity means that the variance is temporally stable

 var ( )z E z tt t z  = −



 ≡ ∀m s2 2   (2.4)

and covariance stationarity is similar

cov , ( )( )z z E z z st t s t t s s− −  = − −  = ∀m m l   (2.5)

where ls is independent of t and is called the autocovariance function. The last case in Equa-
tion (2.5) means that the serial correlation of two observations {zt, zt-s} depends only on the 
lag s and not on “where” in the time series they fall.

What we are discussing here is a “weak” form of stationarity (that is, stationarity in the 
first and second moments). More specifically, a weakly stationary time series has a constant 
mean, a constant variance and the covariance is independent of time. A stricter form of 
stationarity requires that the joint probability distribution (in other words, all the moments) 
of series of observations {z1, z2,..., zt} is the same as that for {z1+t, z2+t,..., zt+s} for all t and s.

Definition 2: A time series {zt, t = 0,1,2,...} is strongly stationary or strictly stationary 
if the joint probability distribution function of {zt-s, zt-s+1,..., zt+s-1, zt+s} is independent of t for 
all s. This means

 z z z zt tk

D

t s tk s1 1
, , , ,… …( )=( )+ +

 (2.6)

for all sets of time points t1,..., tk and integer s.
Definition 3: A time series is weakly stationary of order k (or k-order stationary) if the 

moments of the series up to that order depend only on time differences and not upon the time 
of occurrences of the data being used to estimate the moments.
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Definition 4: A time series {zt, t = 0,1,2,...} is weakly stationary of order 2 or second-
order stationary if E z tt  = ∀m  and cov ,z z st t s s−  = ∀l .

It should be noted that, in general, people are interested in the weak stationarity, and in 
this study we will also use this concept.

The autoregressive process of order p is denoted AR(p), and defined by [2, 3]

 z zt r t r
r

p

t= +−
=
∑f e

1
 (2.7)

where f1,..., fr are fixed constants and {et} is a sequence of independent (or uncorrelated) 
random variables with zero mean and variance s2. The sequence {et} is called white noise, 
which is a second-order stationary series.

2.2. Time series and stationarity
The stationary stochastic process is an essential basis of many econometric time series 

models. Intuitively, stationarity of a time series means that the fundamental form of the data 
generating process remains the same over time. However, many time series observed in practice 
have empirical features that are inconsistent with the assumptions of stationarity. Basically, 
a nonstationary time series is defined as one whose statistics change with time. Time trend 
models are used in econometrics to capture and explain stationarity and nonstationarity of time 
series. It is well known that most of time series data analysed in econometrics have the struc-
ture of the autoregressive (AR) process, which in its first-order form AR(1) is defined as [2, 3]

 z zt t t= +−f e1  (2.8)

where et is an independent Gaussian white noise process with zero mean (i.e., e st IWN~ ( , )0 2 ).  
Then three different types of time series can be distinguished for different values of coef-
ficient f [3]. These are:
1) stationary time series (|f| < 1)  – the process looks jagged, but always oscillates around 

the mean, as illustrated in Figure 2.1;
2) nonstationary time series (f > 1)  – the process is smoother and eventually explodes, as 

shown in Figure 2.2;
3) random walk time series (f = 1)  – the process moves up and down; it behaves as a non-

stationary time series, but slowly, as plotted in Figure 2.3.

There are various notions of stationarity and nonstationarity of time series, as described 
in [6, 7]. In engineering, stationary and nonstationary behaviour can be indicated by sta-
tistical moments of the process. A stationary process would have time-invariant moments 
while a nonstationary process would exhibit some time dependence in moments. In practice, 
nonstationarity of a time series usually manifests itself in trends, cycles, random walks or 
combinations of the three. It is well known that the most simple stationary time series is the 
independent Gaussian white noise process [3]. It should be noted that the current investiga-
tion relies on the weak definition of stationarity. This definition assumes that the first two 
statistical moments are constant in time, i.e., a weakly stationary process has constant mean 
and variance, and an autocovariance that depends only on the lag length considered.
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Fig. 2.1. Simulated stationary time series with the coefficient f = 0.3

Fig. 2.2. Simulated nonstationary time series with the coefficient f = 1.0
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Fig. 2.3. Simulated random walk time series with the coefficient f = 1

Many time series as they occur in practice are far from stationary when expressed in 
their original units of measurement, and even after deflation or seasonal adjustment they typi-
cally still exhibit linear or nonlinear trends, fairly regular cycles, random-walking, and other 
nonstationary behaviour. For example, the economies of many countries are developing or 
growing. Therefore, the typical economic indicators often show a “trend” through time. In 
this context, a trend may be seen as a long-term increase or decrease in the level of the time 
series. This trend may be in either the mean, the variance, or both. More generally, a systematic 
change in a time series that does not appear to be periodic is known as a trend [8]. Classical 
time series analysis and forecasting methods are concerned with making nonstationary series 
become stationary by identifying and removing trends and seasonal effects. If a nonstationary 
series has a stable long-term (or long-run) trend and tends to revert to the trend line follow-
ing a disturbance, it may be possible to stationarize it by detrending. This can be done by 
fitting a (linear) trend line and subtracting it out prior to fitting a model. In this case, the time 
series is said to be trend-stationary [2, 7]. However, in practice detrending is rarely suffi-
cient to make a nonstationary series stationary. In this case it may be necessary to transform 
the nonstationary series into a series of period-to-period or season-to-season differences. If 
this transformation results in a stationary series, the original series is said to be difference-
stationary [2, 7]. Sometimes it can be hard to tell the difference between a trend-stationary 
series and a difference-stationary series; in this case a so-called unit root test may be used 
to get a more definitive answer. Let us consider more about the case of difference-stationary 
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series. The best example of a difference-stationary process is the random walk series without 
a trend, defined by Equation (2.8) for f = 1, i.e.,

 z zt t t= +−1 e  (2.9)

The time series zt in Equation (2.9) is an integrated series of order 1, denoted I(1) [2]. 
For such a series, Equation (2.9) yields

 Dz z zt t t t= − =−1 e  (2.10)

Equation (2.10) shows that, the first difference of zt, i.e., zt – zt-1 is just a stationary white 
noise process et. This means that, a nonstationary I(1) time series becomes stationary after the 
first difference. By analogy, a nonstationary I(2) time series would require differencing twice 
to induce stationarity. The number of differences required to achieve stationarity is called the 
order of integration. Thus time series of order d are denoted as I(d).

It turns out that there are various situations in which a time series appears to be nonstation-
ary. For example, the random walk series without a trend mentioned above by Equation (2.9) 
and the process described by zt = dt + et, where d is constant and e st IWN~ ( , )0 2 . The later 
is a nonstationary deterministic time trend since it is increasing over time. It is also an I(1) 
time series because the first difference produces a series that is I(0). This is an example of 
two different nonstationary time series that can be made stationary by the first difference. 
However, it is important to note here that difference by itself does not tell why the original 
time series is nonstationary [3]. The consequence is that nonstationarity can be caused by 
different factors. Hence, a key question here is how to test for nonstationarity. Typically, in 
this case one would be interested in two scenarios, i.e., (1) having a stationary time series 
(if |f| < 1) and (2) having a nonstationary random walk series (if f = 1). In other words, the 
concern is whether a unit root exists (f = 1) or does not exist (|f| < 1). If a unit root exists 
then one has a nonstationary time series. In case of no unit root then one has a stationary 
time series. The so-called unit root test is often used to make statistical inference about the 
stationarity or nonstationarity of a time series. Testing for nonstationarity (or for the presence 
of unit roots) is presented in Section 2.3.

2.3. Unit root tests
A unit root (also called a unit root process or a difference-stationary process) is a stochastic 

trend in a time series [2, 3]. If a time series has a unit root, it shows a systematic pattern that 
is unpredictable. The reason why it’s called a unit root is because of the mathematics behind 
the process. At a basic level, a process can be written as a series of monomials (polynomials 
with a single term). Each monomial corresponds to a root. If one of these roots is equal to 1, 
then that’s a unit root. This implies that unit root problem is concerned with the existence of 
characteristic roots of a time series model on the unit circle.

The existence of unit roots is the cause for nonstationarity in time series data [4]. Basi-
cally, if there is a unit root then the series is nonstationary; if there is no unit root then the 
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series is stationary. The presence of unit roots implies that the standard distribution theory 
is not valid, for example, t-ratios will not follow a t-distribution. Also, the existence of unit 
roots can cause the time series analysis to have serious issues, such as spurious regressions 
where one could get high r-squared values even if the data is uncorrelated. So it is important 
to test for stationarity of the series prior to any estimation, in order to use the appropriate 
procedure for detrending.

Two models (i.e., deterministic time trend and unit root) are commonly used in econo-
metrics [2, 3]. Consider a time series yt under the trend-cycle decomposition

 y TD zt t t= +  (2.11)

 TD c tt = + d  (2.12)

where TDt in Equation (2.12) is a deterministic linear trend (e.g., constant or trend), zt is an  
AR(1) process given by Equation (2.8), c and d are constants and et is a white noise process. 
Two possible cases can be then investigated:

(1) If f = 1 then z z zt t t ii

t
= + = +− =∑1 0 1

e e  and hence yt is a nonstationary I(1) time 
series with a drift that contains a stochastic trend or a unit root (which is represented by the 
integrated sum e ii

t

=∑ 1
). In this case, shocks have permanent effects and the time series shows 

an unpredictable pattern (see Figure 2.4). The process yt in this case is called difference-
stationary.

Fig. 2.4. Shock to a stochastic trend (or a unit root) process
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(2) If |f| < 1 then yt is a stationary I(0) time series around the deterministic linear trend 
TDt. In this case, shocks have transitory effects, as illustrated in Figure 2.5. The process yt  
in this case is called trend-stationary.

Fig. 2.5. Shock to a deterministic linear trend (or trend-stationary) process

In both examples presented in Figures 2.4 and 2.5, two identical time series xt and yt 
were used, and the shock was inserted into only the time series yt at the data sample 50. In 
addition, Figure 2.5 shows that both time series xt and yt were following a deterministic linear 
trend  TDt = 0.1t, where t is discrete points of time.

In case if yt is a trend-stationary process, one can observe in Figure 2.5 that the shock 
has transitory effects on yt and the series could return to its original path and then continue 
varying around the trend as the same as the series xt.

In case if yt is a unit root process, one can notice in Figures 2.4 that the shock has per-
manent effects on yt; therefore the series could not return to its original path and continue 
following the new path.

Hence, the basic issue regarding testing for stationarity or nonstationarity is to determine 
whether a stochastic trend (or a unit root) is present in the analysed process. If it is present 
then the process is nonstationary, if it is not present then the process is stationary. This is 
done through performing unit root tests.

The unit root test is based on testing the null hypothesis H0 that f = 1 (i.e., the process 
is a nonstationary I(1) time series) against the alternative hypothesis H1 that |f| < 1 (i.e., the 
process is a stationary I(0) time series). This procedure is called the unit root test because 
under the null hypothesis the autoregressive polynomial of zt, f f( ) ( )z z= − =1 0 , has a root 
equal to unity. The unit root test requires calculations of the so-called t-statistic. 
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Then the entire testing process can be described using the following sequence:
– the null hypothesis is that the time series yt has a unit root (the alternative is that it does 

not);
– if the t-statistic is greater (in absolute value) than a critical value then the null hypothesis 

can be rejected (i.e., yt does not have a unit root and is a stationary I(0) time series);
– if the t-statistic is smaller (in absolute value) than a critical value, then the null hypoth-

esis cannot be rejected (i.e., yt has a unit root and is a nonstationary I(1) time series). 
Then the next null hypothesis is checked to see whether the process is a nonstationary 
I(2) time series. The entire test is continued until finally the null hypothesis is rejected.

It is well known that the Dickey-Fuller (DF) and augmented Dickey-Fuller (ADF) tests 
[9, 10] are the most widely used unit root tests in practice. These tests are described in Sec-
tion 2.4. Other popular unit root tests, such as Phillips-Perron (PP) test [11], Kwiatkowski-
Phillips-Schmidt-Shin (KPSS) test [12] and ADF-GLS test [13], were built upon the ADF 
test. It should be noted that, contrary to most unit root tests, the KPSS test is used for testing 
a null hypothesis that an observable time series is stationary around a deterministic trend 
(i.e., trend-stationary) against the alternative of a unit root. Comparisons of unit root tests for 
time series can be found in [14, 15].

2.4. The Dickey-Fuller (DF)  
and augmented Dickey-Fuller (ADF) tests

One might think that it would be easy to test for stationarity or nonstationarity by simply 
looking whether f̂ = 1 (where f̂ is a consistent estimate of coefficient f). However, the matter 
is not so simple. The problem is that although f̂ is a consistent estimate of f, it does not follow 
a standard t-distribution [3]. This is where the Dickey-Fuller (DF) distribution comes in. This 
distribution is slightly left-skewed  – if compared with the standard normal distribution  – there-
fore its t-statistic tends to be large and negative. It means that using the DF distribution one will 
tend to over-reject the null hypothesis (H0) of nonstationarity. In other words, one could come 
to a wrong conclusion that a time series is stationary when it is really not if we use a Student’s 
t-test, whereas the DF test for a unit root amounts to estimating f̂ and doing a standard-looking 
t-test for the null hypothesis but using a non-standard set of critical values [3].

When testing for a unit root, it is important to specify the null and alternative hypotheses 
appropriately to characterize the trend properties of the data under consideration. For example, 
if the observed data exhibit an increasing or decreasing trend, then the appropriate null and 
alternative hypotheses should reflect this. An important remark is that the trend properties of 
the data under the alternative hypothesis (H1) will determine the form of the test regression 
used. The three most common trend cases are presented below [2].

Case I: No constant (no drift and no trend)

The test regression is

 y yt t t= +−f e1  (2.13)

which does not include a constant to capture the zero mean under the alternative hypothesis. 
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The hypotheses to be tested are

H y It0 1 1: ~ ( )f = ⇒   without drift

H y It1 1 0: ~ ( )f < ⇒  with zero mean.

This formulation is appropriate for non-trending time series without a drift.

Case II: Constant only (drift but no trend)

The test regression is

 y c yt t t= + +−f e1  (2.14)

which includes a constant to capture the non-zero mean under the alternative hypothesis. The 
hypotheses to be tested are

H c y It0 1 0 1: , ~ ( )f = = ⇒  without drift

H y It1 1 0: ~ ( )f < ⇒   with non-zero mean.

This formulation is appropriate for non-trending time series with a drift.

Case III: Constant plus time trend

The test regression is

 y c t yt t t= + + +−d f e1  (2.15)

which includes a constant and deterministic time trend to capture the deterministic trend under 
the alternative hypothesis. The hypotheses to be tested are

H y It0 1 0 1: , ~ ( )f d= = ⇒  with drift

H y It1 1 0: ~ ( )f < ⇒  with deterministic time trend.

This formulation is appropriate for trending time series.

The unit root tests described above are only valid if the time series yt is well characterized 
by an AR(1) process and the error et is a white noise process (i.e., et is required to be serially 
uncorrelated). Why is serial correlation a problem? As explained in [3], if the serial correla-
tion exists then it will induce an AR(p) structure in the error et and the standard DF statistic 
will be wrong. In addition, time series in reality have a more complicated dynamic structure 
than when they are captured by a simple AR(1) model. Hence, the basic autoregressive unit 
root tests were augmented to accommodate general ARMA (p,q) models with unknown orders, 
which is referred to as the augmented Dickey-Fuller (ADF) test. The ADF test checks the 
null hypothesis (H0) that a time series yt is I(1) against the alternative hypothesis (H1) that it 
is I(0), assuming that the dynamics in the data have an  ARMA  structure [2]. This means that 
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instead of using Equations (2.13)–(2.15), the ADF test is based on estimating the following 
test regression

 y TD y yt t t j t j t
j

p

= + + +− −
=
∑f a e1

1

D  (2.16)

where TDt given in Equation (2.12), is a deterministic linear trend, and the p lagged differ-
ence terms or lag length (i.e., a j t jj

p
yD −=∑ 1

) are used for approximating the ARMA  structure 
of the errors. Generally, the value of the lag length p is selected so that the error et is serially 
uncorrelated [2]. The specification of TDt depends on the assumed behaviour of yt under the 
alternative hypothesis (H1) of stationary I(0) time series. More particularly, recall the trend 
cases presented for the DF test. The three test regression formulations with respect to the no 
constant case (Equation (2.13)), the constant only case (Equation (2.14)), and the constant 
plus time trend case (Equation (2.15)), in the case of the ADF test, will have the form of the 
following, respectively:

Case I: No constant, y y yt t j t j t
j

p

= + +− −
=
∑f a e1

1

D   (2.17)

Case II: Constant only, y c y yt t j t j t
j

p

= + + +− −
=
∑f a e1

1

D  (2.18)

Case III: Constant plus time trend, y c t y yt t j t j t
j

p

= + + + +− −
=
∑d f a e1

1

D  (2.19)

The ADF test then follows the same procedure as explained for the DF test. In compari-
son with the DF test, the ADF test in essence additionally introduces the p lagged difference 
terms ( a j t jj

p
yD −=∑ 1

) so as to ensure that the error et is a white noise process. This instantly 
leads to a practical question: how many lags should be used in the test regression model when 
the ADF test is employed? This issue will be discussed in Chapter 4.

As mentioned above, the trend properties of the data under the alternative hypothesis 
will decide the form of the test regression used. In other words, it is relied on the behaviour of 
the first difference Dyt of the time series in yt to specify the test regression model. However, 
the behaviour of yt should also be taken into account. It is advised that it is worse to omit 
a trend from a model when the data generating process has one than to include one when 
it does not [2, 3]. In practice, the constant only (case II) and the constant plus time trend 
(case III) are usually used.

The critical values for rejecting the null hypotheses with the DF and ADF tests depend 
on whether one uses a no-constant model, a constant-only model, or a constant plus time 
trend model. They also depend on which significance level a (p-value) is used. According 
to the Economics dictionary, the p-value, in the context of statistical significance testing, is 
the probability of obtaining a test statistic at least as extreme as the one that was actually 
observed, assuming that the null hypothesis is true. More information about the critical values 
for each model can be found in [10].



In summary, the DF and ADF tests in essence check that the null hypothesis of a unit 
root (i.e., the case one has a nonstationary I(1) time series) can be rejected in favour of the 
alternative hypothesis of no unit root (i.e., the case one has a stationary I(0) time series) if the 
DF/ADF t-statistic is more negative than the critical values. In other words, the DF and ADF 
tests are used to test a time series for I(1) or I(0) property. The test involves the cointegration 
method presented in Chapter 3.
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3. Cointegration method

3.1. Introduction to cointegration
The cointegration method assumes that it is possible for a linear combination of a set of 

nonstationary variables to be stationary if these nonstationary variables are integrated of the 
same order and share common trends. In this context, these variables are said to be cointe-
grated. Cointegration naturally arises in economics and finance, where, for example, money 
demand models imply cointegration between money, income, prices and interest rates [1]. 
This chapter briefly introduces the concept of cointegration, the Johansen’s cointegration 
procedure, and explains how a common stochastic trend from a set of time series can be 
removed by cointegration analysis.

Following the introduction about stationarity and nonstationarity in Chapter 2, the 
concept of cointegration can be introduced. Let U t t t nt

Ty y y= ( , , , )1 2 …  denote an (n×1) vec-
tor of I(1) time series. This vector is said to be cointegrated if there exists an (n×1) vector 
b b b b= ( , , , )1 2 … n

T  such that

 b b b bT
t t t n nty y y IU = + + +1 1 2 2 0� ~ ( )  (3.1)

Equation (3.1) implies that the nonstationary time series in Yt are cointegrated if there 
is (at least) a linear combination of them that is stationary, or in other words, has the I(0) 
status. This stationary linear combination, denoted as ut = bTYt, is referred to as a cointegration 
residual or a long-run equilibrium relationship between the cointegrated time series [1, 2]. 
The vector b is called a cointegrating vector. Clearly, the cointegrating vector b is not unique 
because for any scalar k, one has

 k IT
t

T
t⋅ =b bU U( ) ~ ( )* 0  (3.2)

Hence, some normalization assumption is required to uniquely identify b. A typical 
normalization is [1]

 b b b= − −( , , , )1 2 … n
T  (3.3)
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The cointegrating relationship can then be expressed as

 b b bT
t t t n nty y y IU = − − −1 2 2 0� ~ ( )  (3.4)

or

 y y y y ut t t n nt t1 2 2 3 3= + + + +b b b�  (3.5)

where ut = bTYt ∼ I(0). In a long-run equilibrium, the cointegration residual ut is zero and the 
long-run equilibrium relationship is

 y y y yt t t n nt1 2 2 3 3= + + +b b b�  (3.6)

It is necessary to note that the action of creating the cointegration residual (ut = bTYt ) is 
considered as the action of projecting the vector Yt on the cointegrating vector b, or in other 
words, applying the cointegrating vector b to the vector Yt.

The cointegration relationship given by Equation (3.1) can be extended to multiple 
cointegration. In this case the vector Yt is cointegrated with r (where 0 < r < n) linearly 
independent cointegrating vectors if there exists an (n×r) matrix B such that

 B U
U

U

T
t

T
t

r
T

t

t

rt

u

u
I=
















=
















b

b

1 1

0� � ~ ( )  (3.7)

The  (n×r) matrix B forms a basic for the space of r cointegrating vectors. The station-
ary linear combinations urt = bTYt  are referred to as the r cointegration residuals, which are 
formed through projecting the vector Yt on the cointegrating matrix B.

3.2. Cointegration and common trends
Let denote c as the number of common stochastic trends. It is well known that if the  

(n×1) vector of I(1) time series in Yt is cointegrated with r cointegrating vectors (where  
0 < r < n) then there are c = n - r  common stochastic trends among the time series in Yt [1]. 
This implies that, for n variables, the cointegration process may create as many as r = n - 1 
linearly independent cointegrating vectors (or in other words, there is only one common trend 
(c = 1) in this case). One example of cointegration and common trends in economics and 
finance is that growth theory models imply cointegration between income, consumption and 
investment, with productivity being the common trend.

Three examples are given here to illustrate the duality between cointegration and com-
mon trends. Firstly, consider a simple example where there are only two time series in Yt, 
i.e., U t t t

Ty y I= ( , ) ~ ( )1 2 1  with independent Gaussian white noise processes with zero mean 
e e e e st t t t

T IWN I= ( , , ) ~ ( , )~ ( )1 2 3
20 0 . Suppose that Yt is cointegrated with the cointegrating 

vector b b= −( , )1 2
T . 
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This cointegration relationship may be represented as
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t1 2 1
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=
∑b e e  (3.8)
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t2 1
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2= +
=
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where the only common stochastic trend is e11 ss

t

=∑ . As illustrated below, the cointegration 
process can remove the common trend and the resulting cointegration residual ut = bTYt  is 
stationary
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Next, consider an example of a trivariate (or three-variable) cointegrated system for 
U t t t t

Ty y y I= ( , , ) ~ ( )1 2 3 1 . With a trivariate system there may be one or two cointegrating 
vectors. With one cointegrating vector there are two common stochastic trends and with 
two cointegrating vectors there is one common trend. A triangular representation with one 
cointegrating vector b b b= − −( , , )1 2 3

T  and two common stochastic trends is [1]

 y y yt t t t1 2 2 3 3 1= + +b b e  (3.11)

 y yt t t2 2 1 2= +− e  (3.12)

 y yt t t3 3 1 3= +− e  (3.13)

where e1t, e2t and e3t are independent Gaussian white noise processes with zero mean. In 
this example, Equation (3.11) describes the long-run equilibrium and Equations (3.12) and 
(3.13) specify the two common stochastic trends. Then one obtains the following cointegra-
tion residual that is stationary, together with the two common stochastic trends are removed

u y y y
u y y y y

t
T

t t t t

t t t t t t

= = − − ⇒
⇒ = + + − − =

b b b
b b e b b e
U 1 2 2 3 3

2 2 3 3 1 2 2 3 3 1tt I~ ( )0
 (3.14)

Finally, consider a trivariate cointegrated system with two cointegrating vectors and one 
common stochastic trend. A triangular representation for this system with two cointegrating 
vectors b b1 131 0= −( , , )T  and b b2 230 1= −( , , )T  is [1]

 y yt t t1 13 3 1= +b e  (3.15)

 y yt t t2 23 3 2= +b e  (3.16)

 y yt t t3 3 1 3= +− e  (3.17)
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where e1t, e2t and e3t are independent Gaussian white noise processes with zero mean. In this 
example, Equations (3.15) and (3.16) describe the two long-run equilibrium relations and 
Equation (3.17) gives the common stochastic trend. Then one obtains the following two coin-
tegration residuals that are stationary, together with the common stochastic trend is removed

u y y y y It
T

t t t t t t t1 1 1 13 3 13 3 1 13 3 1 0= = − = + − =b b b e b eU ~ ( )  (3.18)

u y y y y It
T

t t t t t t t2 2 2 23 3 23 3 2 23 3 2 0= = − = + − =b b b e b eU ~ ( )  (3.19)

Given the above examples one can understand that the key issue in the cointegration 
analysis is to select or find such suitable cointegrating vectors in order to create stationary 
cointegration residuals with common stochastic trends removed. There are two cases to 
consider in practice [1]:

1. The cointegrating vector b is pre-specified (not estimated). The cointegration residual 
is then constructed using the pre-specified cointegrating vector. Economic theory and 
practical experience are generally employed to select appropriate values for the elements 
in b.

2. The cointegrating vector b is estimated from the data and then an estimate of the coin-
tegration residual ut = bTYt is formed. This procedure is called testing for cointegration 
which is shortly described in Section 3.3.

3.3. Testing for cointegration

Basically, cointegration test is a test for the existence of long-run equilibrium relationships 
(or stationary linear combinations) among all elements of Yt. When performing a cointegra-
tion test one should take into account two important requirements [1]: Firstly, the analysed 
time series in Yt must exhibit at least a common trend. Secondly, those series must have the 
same degree of nonstationarity, or in other words, they must be integrated of the same order.

In general, testing for cointegration covers two possible scenarios:
1) There is at most one cointegrating vector. This is the case when there are only two time 

series or variables (e.g., y1t and y2t) in Yt.
2) There are possibly r (where 0 < r < n) cointegrating vectors. This is the case when more 

than two variables are involved.

The first case was originally considered in [3]. A two-step residual-based testing pro-
cedure was developed. This procedure is based on regression techniques for determining 
if the (n×1) vector b is a cointegrating vector. The first step is to form the cointegration 
residual ut = bTYt. The second step is to perform a unit root test on ut to determine if it is 
a stationary I(0) time series. This is referred to as testing for stationarity in a time series 
(see Section 3.5). The augmented Dickey-Fuller (ADF) test  – described in Section 2.4  – is 
the most widely used unit root test in practice. Since the procedure described in [3] is only 
applicable for Yt with the (2×1) vector of I(1) time series, a more general procedure is 
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therefore needed for the second case when Yt has more than two variables. In [4], Johansen 
developed a sequential procedure for determining the existence of cointegration and the 
number of cointegrating relationships based on maximum likelihood techniques. Section 3.4 
will outline this cointegration procedure.

3.4. Johansen’s cointegration procedure

The Johansen’s cointegration procedure basically is a combination of cointegration and 
error correction models in a vector autoregression (VAR) framework [4, 5]. Consider the 
following VAR(p) model for the (n×1) vector Yt

U F P U P Ut t t p t p tD t N= + + + + =− −1 1 1� …e , ,   (3.20)

where FDt contains deterministic terms (e.g., no constant, constant only, constant plus time 
trend). The VAR(p) model is stable if

det( )I z zn p
p− − − =P P1 0�  (3.21)

has all roots outside the complex unit circle. If Equation (3.21) has roots on the unit circle 
then some or all of the variables in Yt are I(1) and they may be cointegrated [1].

Suppose that Yt is I(1) and possibly cointegrated. The VAR representation in Equa-
tion (3.20) however is not the most suitable representation for analysis because the cointe-
grating relations are not explicitly apparent [1]. The cointegrating relations become apparent 
if the VAR(p) model is transformed to the vector error correction model (VECM)

DU F PU G DU G DUt t t t p t p tD t N= + + + + + =− − − − +1 1 1 1 1 1� …e , , ,  (3.22)

where P P P I= + + −1 � p n and G Pk jj k

p
= −

= +∑ 1
, k p= −1 1, ,… . The matrix P is called the 

long-run impact matrix and Gk are the short-run impact matrices [1].
In Equation (3.22) the part

G DU G DU G DU1 1 1 1
1

1

t p t p k t k
k

p

− − − + −
=

−

+ + =∑�  (3.23)

are denoted the p - 1 lagged difference terms (or the lag length p) used for approximating the 
VECM. The selection issue of the lag length p will be discussed in Chapter 4. In the VECM, 
DYt and its lags given in Equation (3.23) are I(0). The term PYt-1 is the only one which 
includes potential I(1) variables and for DYt to be I(0) it must be the case that PYt-1 is also 
I(0). Hence, PYt-1 must contain the cointegrating relations if they exist [1]. If the VAR(p) 
process has unit roots then from Equation (3.21) with z = 1 it is clear that P is a singular 
matrix because

det( ) det( )In p− − − = ⇒ =P P P1 0 0�  (3.24)
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If P is singular then it has reduced rank, i.e., rank r n( )P = < . There are two cases to 
consider:

1) rank(P) = 0. This implies that P = 0 and Yt is I(1) and not cointegrated. It means 
that there are no cointegrating relationships between the variables in Yt. The VECM in Equa-
tion (3.22) reduces to a VAR(p-1) model in first differences

DU F G DU G DUt t t p t p tD= + + + +− − − +1 1 1 1� e  (3.25)

2) 0 < = <rank r n( )P . This implies that Yt is I(1) with r linearly independent cointe-
grating vectors and it has n - r common stochastic trends (or unit roots). Since P has rank r 
it can be written as the product

 ( ) ( )( )n n n r r n

T

× × ×

=P A B  (3.26)

where A and B are (n×r) matrices with rank(A) = rank(B) = r. The rows of BT form a basis 
for the r cointegrating vectors and the elements of A distribute the impact of the cointegrating 
vectors to the evolution of DYt [1]. The VECM in Equation (3.22) then becomes

 DU F AB U G DU G DUt t
T

t t p t p tD= + + + + +− − − − +1 1 1 1 1� e  (3.27)

where B UT
t I−1 0~ ( )  since BT is a matrix of R cointegrating vectors. It is important to note 

that the factorization P = ABT is not unique. Hence, it only identifies the space spanned by 
the cointegrating relations. To obtain unique values of A and BT, some further restrictions on 
the model are required.

As introduced in Section 3.1, the stationary linear combinations (urt = BTYt) are referred 
to as the r cointegration residuals that are formed through projecting the (n×1) vector of 
I(1) time series in Yt on the r cointegrating vectors. For the case where 0 < = <rank r n( )P , 
Johansen developed two test statistics (i.e., trace statistic and maximum eigenvalue statistic) 
for determining the existence of cointegration and the number of linearly independent cointe-
grating relationships among the time series in Yt [4]. The Johansen’s cointegration procedure 
consists of four steps [1]:

1. Specify and estimate a VAR(p) model for Yt.
2. Construct and perform likelihood ratio (LR) statistic tests (i.e., the trace statistic and/or 

the maximum eigenvalue statistic) for the rank of the long-run impact matrix P = ABT  
to determine the number of linearly independent cointegrating relationships. Practically 
speaking, this step results in the r cointegrating vectors.

3. If necessary, impose some normalization and/or further restrictions on the cointegrating 
vectors found in step 2.

4. Given the (normalized) cointegrating vectors, the r cointegration residuals, i.e., urt = BTYt , 
 are formed through the projecting process as described above. In addition, a set of error 
correction variables for the resulting cointegrated VECM as given in Equation (3.27) 
can be estimated by maximum likelihood techniques.

This is a sophisticated sequential procedure and thus will not be fully introduced here. 
Only the main idea of step 2, that is, the Johansen’s LR statistic tests, will be outlined. For 
a complete description of this cointegration procedure, readers are referred to [4, 5]. 
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The sequential procedure for determining the number r of cointegrating vectors can be 
explained as follows [1]:

– First, test H0 : r0 = 0 against H1 : r0 > 0. If this null hypothesis is not rejected then it is 
concluded that there are no cointegrating vectors among the n variables or time series in Yt.

– If H0 : r0 = 0 is rejected then it is concluded that there is at least one cointegrating vector 
and proceed to test H0 : r0 = 1 against H1 : r0 > 1. If this null hypothesis is not rejected 
then it is concluded that there is only one cointegrating vector.

– If H0 : r0 = 1 is rejected then it is concluded that there is at least two cointegrating vectors.
– The sequential procedure is continued until the null hypothesis is not rejected.

In the Johansen procedure, both trace statistic and maximum eigenvalue statistic depend 
on the dimension n - r0  of common stochastic trends and the specification of the deterministic 
terms. Following [5], the deterministic terms FDt in Equation (3.27) are restricted to the form

 FD tt t= = +m m m0 1  (3.28)

By replacing Equation (3.28) to Equation (3.27) and following [1], the trend behaviour 
of Yt can be classified into five cases on the basis of Equation (3.29), which cover the major-
ity of trend types of the observed data in practice

 DU AB U G DU G DUt
T

t t p t p tt= + + + + + +− − − − +m m e0 1 1 1 1 1 1�  (3.29)

On applying of the Johansen’s cointegration procedure to real SHM systems, it is im-
portant to determine the p - 1 lagged difference terms (or the lag length p) in Equation (3.23) 
for approximating the VECM. This issue will be discussed in Chapter 4.

In the present work, the Johansen’s cointegration procedure has been employed and 
implemented by using the Econometrics Toolbox [6]. For more theoretical details of the 
cointegration method and how common stochastic trend(s) from a set of time series data can 
be removed by cointegration analysis, potential readers are referred to publications from the 
econometrics literature [1–5].

3.5. Testing for stationarity
Because the main idea of the cointegration-based approach (for SHM) is based on the 

concept of stationarity, an interesting question would be arisen is that how to measure the 
stationarity of a cointegration residual (or in general case, the stationarity of a time series)? 
The answer for this question is that, in principle, the degree of stationarity (or nonstationarity) 
of a signal or a time series can be quantified by using the augmented Dickey-Fuller (ADF) 
t-statistics (introduced in Section 2.4), as presented by Hamilton in his well-known book 
“Time Series Analysis” [7]. More specifically, the more negative the ADF t-statistic value 
obtained, the more stationary the analysed data are. The stationarity calculation procedure 
can be described using the following sequence:

“Time series data ⇒ ADF statistical test ⇒ ADF t-statistics”
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This sequence means that the ADF statistical test is directly applied to time series data 
and then ADF t-statistics are calculated. The resulting t-statistics exhibit quantitatively the 
stationary statistical characteristics of the analysed time series data. The stationarity calcula-
tion procedure will be first illustrated through an example in Section 3.6. Later, this procedure 
has been employed as a damage detection scenario (described in Section 5.1.3) for practical 
SHM applications in Chapter 5.

It is important to note that other popular unit root tests such as Phillips-Perron (PP) test 
[8], Kwiatkowski-Phillips-Schmidt-Shin (KPSS) test [9], or ADF-GLS test [10] can be used 
for stationarity test in a time series. However, the ADF test [11] is the most widely used unit 
root test in practice to measure the degree of stationarity or nonstationarity of time series data.

3.6. Example using  
the Weierstrass–Mandelbrot cosine fractal function

One numerical simulation example that uses the Johansen’s cointegration procedure 
(described in Section 3.4) to remove a common stochastic trend in the simulated time series 
data is presented here. The Weierstrass–Mandelbrot (W-M) cosine fractal function is used 
in this example because of its nonlinear and nonstationary nature. The W-M cosine fractal 
function is given by [12]
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cos

( )  (3.30)

where i = 1,..., Np, with Np is the total number of data samples; and the parameter D and B 
must be in the range 1 < D < 2 and B > 1, respectively.

In this example, three W-M cosine fractal functions are presented using three different 
time series variables xt, yt and zt. These variables are plotted in Figure 3.1. For the first W-M 
cosine fractal function xt, B = 1.5 and D = 1.8. For the second W-M cosine fractal function 
yt, B = 1.5 and D = 1.5. For the third W-M cosine fractal function zt, B = 1.9 and D = 1.65. 
The total number of data samples Np = 4096 and the parameter N = 100 were selected for all 
three variables. One can see in Figure 3.1 that these variables share one common stochastic 
trend, i.e., the positive drift (or upward trending). As the variables share a common trend it 
is likely that they will submit to a stationary linear combination (or in other words, they are 
cointegrated).

Now, recall the duality between cointegration and common trends (described in Sec-
tion 3.2), some statements may be given. First, because there is only one common stochastic 
trend (c = 1) presenting in this three-variable cointegrated system (n = 3), the cointegra-
tion process might create as many as r = 2 linearly independent cointegrating vectors (i.e., 
r = n - c = 2, where n = 3 and c = 1), namely b1 and b2. Based on these cointegrating vectors, 
one would expect to obtain two cointegration residuals which are stationary (or in some cases, 
more stationary than the original time series variables), together with the common stochastic 
trend should be removed. Using the Johansen’s cointegration procedure (described in Sec-
tion 3.4) the following two cointegrating vectors b1 and b2 were obtained.
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Fig. 3.1. Three W-M cosine fractal functions (xt, yt, zt)

The first cointegrating vector

 b1 1 5760 1 9276 0 1949= − . . .
T  (3.31)

The second cointegrating vector

 b2 0 2241 1 6164 2 1545= − . . .
T  (3.32)

Now, projecting three time series variables xt, yt and zt on two cointegrating vectors b1 
and b2. This results in two cointegration residuals, as shown in Figure 3.2 and Figure 3.3. 
It is easy to observe that the cointegration residual in Figure 3.2 (which uses the first coin-
tegrating vector b1 in the action of projecting) is more stationary than the one in Figure 3.3 
(which uses the second cointegrating vector b2 in projection action). The results in Figure 3.2 
and Figure 3.3 also show that the positive drift common trend has been removed from both 
cointegration residuals.

It should be noted here that actually the cointegration process created three cointegrating 
vectors in which the third cointegrating vector has the form

 b3 0 2229 1 0872 0 1760= − − . . .
T  (3.33)

After the action of projecting the third cointegration residual was formed by using the 
third cointegrating vector b3. This residual is not stationary, as shown in Figure 3.4.
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Fig. 3.2. The first cointegration residual obtained when three W-M variables are projected on the first 
cointegrating vector b1

Fig. 3.3. The second cointegration residual obtained when three W-M variables are projected on the 
second cointegrating vector b2
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Fig. 3.4. The third cointegration residual obtained when three W-M variables are projected on the 
third cointegrating vector b3

As explained in Section 3.5, the degree of stationarity of a signal or a time series can 
be quantified by using ADF t-statistics. Following this approach the stationarity of three 
W-M cosine fractal functions (or three time series variables xt, yt and zt) before and after the 
cointegration process was examined to confirm the above statements and observations. The 
statistical test results are given as follows:

– ADF t-statistics equal -4.5957, -2.5541 and -3.6097 for series variables xt, yt and zt, 
respectively.

– ADF t-statistics equal -10.8365, -6.3545 and -1.4232 for the first, second and third 
cointegration residuals, respectively.

One can notice that the first and second cointegration residuals have much more negative 
ADF t-statistics (i.e., more stationary) than the original time series variables. This is due to 
the fact that the positive drift common trend was removed from these residuals. In contrast, 
because the common upward trending still exists in the third cointegration residual its ADF 
t-statistics is the same as that of the original time series. In summary, it can be concluded that 
the present results confirm the above findings and conform to the theory about the duality 
between cointegration and common trends described in Section 3.2.

3.7. Summary and discussion
This chapter has introduced the theoretical background of cointegration analysis, the 

Johansen’s cointegration test procedure, the duality between cointegration and common trends, 
and the ADF t-statistics based procedure used for quantifying the degree of stationarity or 
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nonstationarity of time series. The Johansen’s cointegration procedure and the stationarity test 
procedure were illustrated by a simple numerical simulation example using three Weierstrass–
Mandelbrot cosine fractal functions. The example involved a trivariate cointegration system 
using nonlinear and nonstationary time series variables that shared a common trend. Analysis 
of stationary statistical characteristics of time series data before and after the cointegration 
process were employed in this example. The simulation results have well illustrated for the 
theory and application of cointegration. As the cointegration technique has been suggested 
for SHM so that before closing this chapter it would be helpful to discuss some interesting 
issues as follows:

1. Because nonstationary time series can be made stationary by differencing, as explained 
in Chapter 2. This would raise the question as to why one wishes to use cointegration at 
all rather than simply work with differenced signals. There are two good reasons why 
one should not differentiate SHM data in general [13]:
– First, it is a bad idea to numerically differentiate experimental data as this will greatly 

amplify any high-frequency noise components. In contrast, cointegration will at worst 
generate a weighted average of the noises.

– Second, damage itself will often manifest as a short-term trend in the SHM data and 
differentiation would remove it also. In contrast, the appearance of a new short-term 
trend (i.e., damage or fault) will destroy the balance imposed by the cointegrating 
vector and leave the damage exposed.

2. How can cointegration residuals be used for damage or abnormal detection?
– First, it is suggested to use the Johansen’s cointegration procedure to create the coin-

tegrating vectors of a set of nonstationary variables that share or encompass common 
trends (induced by environmental and/or operational variations). From a practical 
SHM point of view, the cointegrating vectors should be established using data acquired 
from the training period from the undamaged structure or the normal condition of the 
process.

– Then, upon projecting all new data onto a cointegrating vector, the cointegration re-
sidual will remain stationary all the time if the structure or process continues to act in 
its undamaged or normal condition, but should become nonstationary on the introduc-
tion of damage or fault. In principle, this detection procedure relies on the residual-
based control chart approach.

3. What types of SHM data the cointegration method can be applied for?
– It is suggested that so long as the variables of interest follow a similar behaviour to 

a unit root process over a given time interval (e.g., see Figures 2.3 and 2.4), then 
cointegration theory is applicable. In this case, the theory can be applied to process 
or system variables which are nonstationary with first difference stationary.

– It should be noted that the Johansen’s cointegration procedure is only designed to work 
for variables integrated of order one, approximately I(1). However, this is not really 
a problem in itself, since the large majority of variables monitored in SHM do not pos-
sess or exhibit more than one unit root. In the circumstance where a set of variables 
of interest include stationary and nonstationary measured data (or in other words, it 
contains both I(0) and I(1) time series), the inclusion of the stationary variables does 
not invalidate the Johansen’s cointegration procedure.



4. It is well known in the econometrics literature that the results of cointegration are very 
sensitive to the number of lags included in the underlying VAR model. This would imply 
that the choice of lag length in cointegration analysis has a strong influence on damage 
detection results; therefore the appropriate selection of lag length for cointegration is 
very important. This issue will be addressed in Chapter 4.
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4. Lag length selection  
in cointegration analysis used for SHM

4.1. Background

The selection of lag length p (or lag order) that should be included in the test regression 
model in Equation (2.16) and the vector error correction model (VECM) in Equation (3.22) 
is one of the most important issues for the implementation of the ADF unit root test and 
cointegration analysis. With regard to cointegration, before the estimation of a VECM, the 
underlying vector autoregression (VAR) model must be first estimated. In order to specify 
a VAR model, one must determine the number of lags to include in the model in a systematic 
manner by using lag length selection approaches [1, 2]. The proper lag length selected is then 
used to estimate the VECM. However, the choice of lag length for the VAR model is not 
a trivial task, as presented in the economic and financial literature [2–8]: If the lag length is 
too small then the remaining serial correlation in the errors will bias the test. In addition, a too 
short lag length in a VAR model may not capture the dynamic behaviour of the variables. By 
selecting a large number of lags, it can help to remove the problem of correlation theoreti-
cally by adding the lagged variable terms in the VAR model. However, if the lag length is too 
large, it will distort the data and lead to a decrease in the power of the cointegration tests. In 
addition, too many parameters in the VAR model can make the estimation more complicated 
and difficult. It should be noted that the results of cointegration analysis are very sensitive to 
the number of lags included in the underlying VAR [3, 6, 9]. In summary, the choice of lag 
length can drastically affect the results of the cointegration analysis. This is due to the fact 
that the cointegration procedure gives different estimates of cointegrating vectors depend-
ing on the number of lags included in the cointegration test [4–8]. Therefore the appropriate 
selection of lag length for cointegration analysis is important.

Cointegration has been applied to SHM as a new methodology for dealing with the 
problem of environmental and/or operational variability in monitored structures. However, 
because the choice of lag length in cointegration analysis has a strong influence on dam-
age detection results, any wrong selection of lag length can lead to false damage detection 
alarms. Therefore, this chapter aims to address the problem of optimal lag length selection 
in cointegration analysis used for structural damage detection. A new approach  – based on 
stationarity analysis of data representing undamaged condition  – is proposed in Section 4.3 
for this purpose. The following subsections briefly describe previous developments related to 
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the problem with the focus on the three methods commonly used in econometrics literature 
for VAR order selection. These are the information criteria (ICs), the likelihood ratio (LR) 
test, and the sequential modified likelihood ratio (SMLR) test.

4.2. Conventional selection methods from econometrics

4.2.1. Methods based on the information criteria
The lag length for the VAR model can be determined by using model selection criteria. 

The general approach is to fit VAR models with lag orders (p = 0,..., pmax) and then to select 
the value of p that minimizes some model selection criteria [2]. Several lag selection criteria 
have been proposed in the literature for this purpose. The three most widely used ICs are: the 
Akaike Information Criterion (AIC) [10], the Schwarz-Bayesian Criterion (SBC) [11], and the 
Hannan-Quinn Criterion (HQC) [12]. The AIC asymptotically overestimates the lag length 
with positive probability, whereas the SBC and the HQC estimate the lag order consistently 
under fairly general conditions if the true order p is less than or equal to pmax [2]. However, the 
choice of these ICs for determining the number of lags is generally arbitrary in practice and 
sometimes these criteria are inconsistent in choosing the lag order [2–8]. The theory behind 
is not strong enough to indicate which value of p is the best or optimal [7]. Therefore there 
are many  – often inconsistent  – arguments in the literature.

The effects of lag length selection on the estimation of long run cointegration relation-
ships in the Johansen’s cointegration procedure was studied in [6]. Five different selection 
criteria  – that is, the SMLR test, final prediction error (FPE), AIC, SBC, and HQC  – were 
considered in order to determine the optimal lag order for a VAR model. This study has shown 
that different selection criteria often suggest different optimal lag length results. Addition-
ally, the number of cointegration relationships among the variables, as well as the estimated 
cointegration relationships themselves, strongly depend on the number of lags included in 
the underlying VAR model.

The work in [5] has proposed guidelines regarding the use of lag length selection cri-
teria in determining the autoregressive lag length. The investigation results have shown that 
the AIC and FPE criteria are superior for small sample size cases (i.e., 60 observations and 
below) since these criteria minimize the chance of underestimation while maximizing the 
chance of recovering the true lag length. Since most economic and financial data can rarely be 
considered large in size, the AIC and FPE criteria have been recommended for the estimation 
of autoregressive lag length. However, because data used for damage detection are usually 
much larger in terms of data samples, this recommendation is not useful.

The effects of using incorrect lag length with the Johansen’s cointegration test were 
studied in [3], where the short-run dynamics has been considered. This study has shown 
that the loss of efficiency is small for including a large number of lags in a VAR model. 
This was confirmed by Monte Carlo experiments which conclude that the error is smaller 
when a larger number of lags is included; however, if this value is too large then the power 
of the test is reduced [2, 3]. This work has demonstrated that the Johansen’s cointegration 
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procedure is no longer the best method if the number of lags used in the model is  
too small.

Information-based procedures are not the only criteria used for lag selection. Various 
enhanced approaches have been developed. An additional weak-form restriction of common 
cyclical features in a cointegrated VAR model was considered in [13] in order to provide the 
appropriate way to select the correct lag order. These additional weak-form restrictions are 
defined in the same way as cointegration restrictions. However, while cointegration refers 
to relations among variables in the long run, the common cyclical restrictions refer rather to 
relations in the short run [13]. Two methodologies were performed for selecting lag length. 
These are: (1) methods based on traditional ICs (e.g., AIC, HQC, and SBC), referred to as 
IC ( p) and (2) methods based on alternative ICs  – referred to as IC ( p, s)  – that select simul-
taneously the lag order p and the rank structure s due to the weak-form common cyclical 
restrictions. The Monte Carlo simulations were used in the analysis. The results showed that 
the modified ICs that select the pair ( p, s) perform better than the traditional criteria. This is 
particularly relevant to the AIC ( p, s) criterion since it provides considerable gains in select-
ing the correct VAR model.

In summary, there are many arguments in the economic and financial literature concerning 
using the ICs for choosing the (optimal) lag length for the cointegration analysis and ADF 
test. However, these arguments give very little practical guidance that could be used in engi-
neering applications. This is mainly due to the fact that the size of engineering data is usually 
much larger, if compared with economic and financial data, as discussed in Section 4.2.4.

4.2.2. Methods based on the likelihood ratio test
The lag length of a VAR model can be determined by testing the significance of param-

eters for each specific lag order. The likelihood ratio (LR) test  – developed by Sims [14] for 
this purpose  – is defined as [8]

 LR T c= − −( )( ) ln lnW W1 2  (4.1)

where T is the number of observations (or the sample size) and c is the total number of param-
eters estimated in the VAR model under the alternative hypothesis (this term is a correction 
factor used to improve performance for small sample size cases [1]). The terms W1 and W2 
are the maximum likelihood estimate of the variance (or covariance) matrix of the residuals 
in the VAR model under the null and alternative hypothesis, respectively.

The LR test is performed by estimating two VAR models and comparing the fit of one 
model to that of the other. Under the null hypothesis the LR test assumes that the test statistic 
is (approximately) distributed as chi-squared with the degrees of freedom equal to the number 
of restrictions that are tested.

The literature has proposed that the LR test can be used for the optimal choice of lag 
length. For example, the work in [4] has suggested to use two from the three (i.e., AIC, SBC, 
and HQC) information criteria to choose the optimal lag length for a VAR model. If these two 
criteria select different lag orders then the LR test is recommended to decide between these 
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two lags. Following this approach, the study in [8] investigated whether the LR test can pick 
up the optimal lag order in the VAR model when the most commonly used ICs (i.e., the SBC 
and HQC) suggest two different lag orders. The research results  – based on the Monte Carlo 
simulations  – have shown that combining the LR test with the SBC and the HQC causes 
a substantial increase in the success rate of choosing the optimal lag order compared to cases 
when only the SBC or the HQC is used.

4.2.3.	Methods	based	on	the	sequential	modified	likelihood	ratio	test
The SMLR test  – suggested by Sims [14]  – is a multivariate generalisation of the LR 

test, which is described in Section 4.2.2. The SMLR test has been commonly used in the 
literature as the main choice (or a primary determinant) in determining the lag length for 
VAR models [1, 15].

In principle, the SMLR test is based on a sequence of LR statistic tests of VAR models 
with larger lag lengths versus smaller lag lengths. In this approach, for each LR test the 
larger lag model is viewed as an unrestricted model versus the restricted smaller lag version 
of the model. One can then construct a LR statistic to test for the significance of imposing 
the restrictions. If the restrictions are associated with a statistically significant degradation in 
model fit, one can conclude that the unrestricted (or larger lag) model is more appropriate, 
and rejecting the restricted (or smaller lag) model. Otherwise, the lag length is reduced by 
one and the entire procedure is repeated [1].

Specifically, the chi-squared distributed test statistic which has the degrees of freedom 
equation to the number of restrictions imposed is defined as [1]

SMLR T p k p pu r r u u= −( ) ∑ ( ) − ∑ ( )( )2 2ln ln ~ cn  (4.2)

where T is the number of observations (or the sample size), pu is the number of lags in the 
unrestricted VAR model, pr is the number of lags in the restricted VAR model, and k is the 
dimension of time series in vector Yt. The ln ∑ ( )r rp  and ln ∑ ( )u up  terms are natural loga-
rithms of the determinants of the variance (or covariance) matrices of the residuals in the 
restricted and unrestricted VAR models, respectively. The term puk2 is the number of parameters 
estimated in each equation of the unrestricted VAR model. This term is a correction factor 
that is generally used to improve performance for small sample size cases [1, 15].

The SMLR test procedure is sequentially performed as the following algorithm shows [15]:
1. Choose a maximum lag length pmax.
2. Test a null hypothesis of H VAR p0 1: ( )max −  against an alternative of H VAR p1 : ( )max  

using a LR test. If the null hypothesis  – i.e., the restricted or smaller lag model  – is not 
rejected then decreasing the number of lags and repeating the test.

3. Test a null hypothesis of H VAR p0 2: ( )max −  against an alternative of H VAR p1 1: ( )max −  
using a LR test. Continue until the first rejection of the null hypothesis occurs.

In summary, the SMLR test procedure stops and a proper lag length p is chosen accord-
ingly when the null hypothesis (i.e., the smaller lag model) is rejected for the first time; and 
thereby the alternative (i.e., the larger lag model) is selected.
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Clearly, the lag length p obtained with the SMLR test procedure depends on the choice 
of pmax. If pmax is chosen too small, an appropriate VAR model may not be in the set of pos-
sibilities. On the other hand, if pmax is chosen excessively large, there is a high possibility that 
the SMLR test will end up with a too large lag order because, as mentioned above, there is 
a chance of rejecting a true null hypothesis in each test (or each level) and the lag length is 
selected when the null hypothesis is rejected for the first time. Some common “rules of thumb” 
used in the literature for choosing the maximum lag length is suggested in [15]: for annual 
data pmax = 3, for quarterly data pmax = 8, and for monthly data pmax = 18. However, due to the 
fact that the size of engineering data is usually much larger, if compared with economic and 
financial data, then pmax can be determined by using the following equation [16]

 p N
max =
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where the square brackets denote the integer part of the result, and N is the number of ob-
servations or data points. Equation (4.3) guarantees that pmax grows with the number of data 
points used.

The SMLR test procedure provides two important results for each LR test, that is, LR 
test statistic and marginal probability. The computation of LR test statistic is straightfor-
ward using Equation (4.2), whereas the computation of marginal probability is presented in 
the following [1, 17].

For a gamma function G(a), which is defined as

 G( )a e t dtt a= − −
∞

∫ 1

0

 (4.4)

Then, one can calculate the probability (prob) that a single observation from a gamma 
distribution with the parameter a will fall in the interval [0 x], or in other words, the prob-
ability of observing a chi-squared value a ≤ x, i.e.,

 prob F x a
a

e t dtt a
x

= ( ) = − −∫|
( )
1 1

0
G

 (4.5)

Afterward, the marginal probability is computed as

 prob probm = −1  (4.6)

4.2.4. Sample size and lag length selection
It is important to note that the size of data used in the fields of Economics and Finance 

is usually much smaller than in engineering applications, particularly in SHM. Depending 
on the analysis purpose and specific applications, the economic and/or financial data can be 
collected by years, months, weeks or days, and therefore the size of each time series is rela-
tively small, typically within a few hundreds of data points [18]. On the other hand, SHM 
data typically consist of a large amount of data samples, acquired at (very) high-sampling 
rate, and therefore in most cases one may have to analyse thousands, or even, hundreds of 
thousands of data samples.
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In general, it is advised to use the ICs for small sample size cases (e.g., few hundreds 
of data points), whereas the LR and SMLR tests should be applied for the cases with larger 
sample size (e.g., few thousands of data points), since these tests do not perform well for 
small sample size [18]. Specifically, the AIC should be used for monthly data; for quarterly 
data, the HQC appears to be the most accurate criterion with the exception of sample size 
smaller than 120, for which the SBC is more accurate [15, 18]. However, one should bear in 
mind that when a very small sample size is used with the AIC, specially in the case where 
the sample size is small relative to the number of variables, the test might be biased. If this 
is the case, a corrected AIC (namely AICc)  – proposed by Hurvich and Tsai [19]  – should 
be used. The same problem arises when the LR test or the SMLR test is employed for small 
sample size cases, then the correction factor c or puk2 in Equation (4.1) or Equation (4.2), 
respectively, should be taken into account to improve the small-sample performance.

When it comes to SHM data then the ICs are only suitable for tests that use a very small 
number of data samples. The LR-based and SMLR-based methods can be considered for 
tests that require large sample size  – which is common in SHM. Because the SMLR test is 
a multivariate generalisation of the LR test, it is considered in the current investigations, for 
comparison with the stationarity-based approach, which is presented in Section 4.3.

4.3. Optimal lag length selection  
based on stationarity analysis  
used for structural damage detection

This section presents a new approach that can be used for optimal selection of lag length 
in cointegration analysis applied for structural damage detection. The method utilises the 
concept of data stationarity.

Previous applications of cointegration for damage detection have shown that the ADF 
test is firstly carried out to measure the degree of stationarity or nonstationarity (i.e., the order 
of integration) of the analysed data. In principle, the degree of stationarity of a signal can 
be quantified by using ADF statistics, as presented by Hamilton [20]. More specifically, the 
more negative the ADF t-statistic value obtained, the more stationary the analysed data are, as 
introduced in Section 3.5 and illustrated by examples in Section 3.6. Usually data representing 
undamaged condition of monitored structures are stationary time series. The assumption is 
that this stationarity can be potentially changed by damage. In addition, different severities of 
damage can lead to different stationary characteristics. Therefore the analysis of stationarity 
can be used for the choice of lag length in cointegration analysis used for damage detection 
applications. The entire procedure can be described using four major steps:

Step 1: Determine the pmin and pmax values
It is clear that pmin = 1 is the minimum value of lag length that could be used in cointe-

gration analysis. However, to avoid the problem caused by using too small lag length  – as 
mentioned in Section 4.1  – the value pmin was selected as pmin ≥ 3. This implies that the lag 
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length pmin = 3 has been considered as the minimum value in this study. In general, one should 
choose pmin as small as possible, but not too small to avoid the mentioned problem. The maxi-
mum lag length value pmax is calculated by using Equation (4.3), as discussed in Section 4.2.3.

Step 2: Cointegration analysis

After the pmin and pmax values are established, N sets of SHM data representing undam-
aged condition are cointegrated using the Johansen’s cointegration procedure. This results 
in N - 1 linearly independent cointegrating vectors. These vectors are then used to produce 
N - 1 cointegration residuals by performing the so-called “undamaged data on undamaged 
data” projection. This projection means that data representing undamaged condition are 
projected on the cointegrating vectors obtained from data representing undamaged condition. 
The entire analysis is performed for all lag length values (i.e., p = 3, 4, 5,..., pmax), leading to 
a (N-1) ⋅pmax matrix of cointegration residuals.

Step 3: ADF test

ADF t-statistics are calculated for all cointegration residuals (i.e., (N-1) ⋅pmax matrix of 
cointegration residuals) for all lag length values p = 3, 4, 5,..., pmax. As a result, N - 1 ADF 
t-statistics are obtained for each value of lag length.

Step 4: Averaged ADF t-statistics calculation

An averaged value of ADF t-statistics is calculated for each lag length p = 3, 4, 5,..., pmax.  
The most negative value from all averaged ADF t-statistics indicates the value of lag length 
that produces the most stationary residuals obtained for the undamaged condition. The as-
sumption is that this selected value of lag length is the most suitable value (or the best sta-
tistical lag length) since it will produce the best results when cointegration analysis is used 
for damage detection.

Fig. 4.1. Stationarity-based lag length selection procedure [21]

The entire stationarity-based algorithm proposed for optimal lag length selection in 
cointegration analysis used for damage detection is illustrated in Figure 4.1. The algorithm 



has been implemented using the Econometrics Toolbox [1]. The “adf” function to carry out 
the ADF test and the “johansen” function to perform the Johansen’s cointegration procedure 
were applied.

4.4. Summary and conclusions
The problem of lag length selection in cointegration analysis  – used for structural dam-

age detection  – has been addressed in this chapter. A new approach  – based on stationarity 
analysis  – has been proposed for the optimal selection of lag length. The method investigates 
various lag lengths for data representing undamaged condition. The lag length that produces 
the most negative ADF t-statistics (or in other words, the most stationary residuals) is then 
used for damage detection based on the cointegration analysis. The proposed method is 
validated in Chapter 5 using the experimental data from two damage detection case studies 
in metallic and composite plates. The former exhibits strong variations due to environmental 
conditions, whereas the latter shows variations due to operational conditions. A case study on 
condition monitoring and fault diagnosis of wind turbines using SCADA data in Chapter 6 
also uses this optimal selection method.
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5. Cointegration-based approach  
to SHM applications

In this chapter the applicability of the cointegration technique for SHM has been dem-
onstrated through two case studies: 

1) Structural damage detection in aluminium plates using lamb waves in the presence of 
temperature variations  – that is, data contaminated by varying temperature (Section 5.2).

2) Impact damage detection in composite plates using nonlinear acoustics under different 
low-frequency modal excitations  – that is, data contaminated by changing load (Sec-
tion 5.3).

The main purpose is to demonstrate the effectiveness of the cointegration-based approach 
for damage detection based on SHM data heavily affected by environmental conditions (case 
study 1) or operational conditions (case study 2). It is expected that the method can compensate 
for (or remove) the undesired effects of temperature from Lamb wave responses as well as 
that of modal excitation from vibro-acoustic responses and accurately detect damage in both 
cases, as illustrated in Figure 5.1.

Fig. 5.1. The objectives of applying cointegration method for SHM

5.1. Damage detection scenarios

Three damage detection scenarios (or damage-sensitive indicators)  – based on (i) geo-
metrical features of cointegration residuals (in short, use cointegration residuals), (ii) wavelet 
variance characteristics of cointegration residuals, and (iii) stationary statistical characteristics 
of cointegration residuals  – have been utilised for damage detection. In the following, these 
damage detection scenarios are described.
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5.1.1. Using geometrical features of cointegration residuals
This damage detection scenario is based on the direct analysis and assessment of cointe-

gration residuals using their geometrical features, as shown in Figure 5.2. These geometrical 
features can be the peak-to-peak amplitude of cointegration residuals, the residual shape and 
trending, or the variance of cointegration residuals, which can be checked visually.

The detection scenario is described as follows. After the optimal lag length has been 
established using the method (presented in Chapter 4), N sets of SHM data  – representing 
either intact or damaged condition of the monitored structure  – are cointegrated using the 
Johansen’s cointegration procedure (described in Section 3.4). This results in N - 1 linearly 
independent cointegrating vectors. These vectors are then used to produce N - 1 cointegration 
residuals by performing the data projection processes (described in Sections 3.1 and 3.6) and 
for the cases investigated in this research work are defined in the following. Specifically, the 
“undamaged data on undamaged data” projection case produces the cointegration residuals for 
the undamaged condition. These residuals can be used as a reference template (or baseline) 
for comparison with the residuals obtained for the damaged condition after the “damaged 
data on damaged data” projection.

The following explains the notation of data and terminology associated with the cointe-
gration procedure performed to ease the analysis and interpretation of the results. The main 
terms used throughout this chapter are:

– “undamaged data”  – refers to SHM data acquired from the undamaged condition;
– “damaged data”  – refers to SHM data acquired from the damaged condition;
– “undamaged data on undamaged data”  – means projecting the “undamaged data” on 

the cointegrating vectors obtained from the “undamaged data”;
– “damaged data on damaged data”  – means projecting the “damaged data” on the coin-

tegrating vectors obtained from the “damaged data”.

Fig. 5.2. Damage detection using cointegration residuals

5.1.2. Using wavelet variance characteristics  
of cointegration residuals

5.1.2.1. Fractal-based signal processing using wavelets
The work in [1] has reported many experimental evidence of self-similarity in vibra-

tion data from rotating machinery and surface profile data from fractured materials (e.g., 
steel or concrete). These data exhibit a low degree order in the sense that subsequent surface 
points are correlated. In this case, self-similarity is understood as an invariance property of 
the relevant signal scales. This means that a self-similar signal is embedded within itself in 
such a way that local dilations can be used for its complete reproduction. Self-similar signals 
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form a class of fractals, which exhibit an interesting behaviour  – their structure at different 
scales is similar. Various methods can be used to analyse fractal behaviour. This includes 
the wavelet-based approach demonstrated in [2]. Following [1, 2], a brief introduction to 
statistically self-similar processes and wavelet-based fractal analysis is given in this section 
for the sake of completeness.

It is well known that stationary periodic series are invariant to translations in the time 
domain. As a result, the statistics of such processes are also invariant to translations. In con-
trast, self-similar processes exhibit an invariance not to translations but rather to scales [2]. An 
important group of self-similar signals is formed by statistically scale-invariant or self-similar 
random processes known as 1/f processes [2]. These signals can be defined as processes with 
a spectrum of the form

 Sx
x( )w s

w g=
2

 (5.1)

where g is termed the spectral parameter. Processes corresponding to 1 < g < 3, which 
exhibit infinite low-frequency power, are known as the fractional Brownian motions; clas-
sical Brownian motion is a special case corresponding to g = 2. Processes corresponding to  
-1 < g < 1  show infinite high-frequency power and are termed the fractional Gaussian noises; 
classical white stationary Gaussian noise is a special case with g = 0 [2]. It is important to 
note that the self-similarity, or fractal nature, is associated with an analysed process itself [1].

The wavelet transform is well equipped to study self-similar processes due to its time-
scale nature. This is because dilations and translations of functions can yield simple modifica-
tions of their wavelet transforms [1]. If a function satisfies the self-similarity property, i.e.,

 f x f x r( ) ( )= − ab b  (5.2)

where a and b are the dilation and translation of the self-similar function or process f(x), 
then it follows from the definition of the wavelet transform that [1]

 ( )( , ) ( )( , ( ))W g a b W f a x ry yab b b= −  (5.3)

Equation (5.3) shows that the self-similarity of a given signal x(t) implies the self-sim-
ilarity of its wavelet transform W a bx

y ( , )  in the time-scale domain [1]. A number of wavelet-
based algorithms have been developed to analyse self-similar processes such as the variance 
of the orthogonal wavelet coefficients. The variance of the orthogonal wavelet coefficients 
of a given 1/f process takes the form [2]

 var xn
m m= −s g2 2  (5.4)

where m is wavelet levels. The variance is taken over n and s is given by [2]
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where Ψ(w) is the Fourier transform of the mother wavelet. The work in [1, 3] shows that 
the wavelet variance characteristics yields useful information about the energy of processes 
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which do not need to be necessary self-similar. A decrease of the spectral parameter g reflects 
an energy redistribution from low to high frequencies.

5.1.2.2. Wavelet-based fractal analysis of cointegration residuals

Fractal-based signal processing technique using discrete wavelet transform described 
above has been applied to analyse cointegration residuals in order to investigate their self-
similar behaviour. This behaviour is analysed using wavelet logarithmic variances. In essence, 
cointegration residuals are analysed with respect to self-similarity that is broken when damage 
is present in the monitored structure. The implementation of this damage detection scenario 
is shown in Figure 5.3.

Fig. 5.3. Damage detection using wavelet variance characteristics of cointegration residuals

5.1.3. Using stationary statistical characteristics  
of cointegration residuals

This damage detection scenario is based on the analysis of stationary statistical char-
acteristics of cointegration residuals. In principle, the degree of stationarity of a signal can 
be quantified by using ADF t-statistics, as presented in Section 3.5, i.e., the more negative 
the ADF t-statistic value obtained, the more stationary the analysed data are. Usually data 
representing undamaged (or normal) condition of the monitored structure or process are 
(relatively) stationary. The assumption is that this stationarity can be potentially changed or 
diminished by damage or fault. Moreover, different severities of damage or fault can lead 
to different stationary characteristics. Therefore the analysis of stationarity of cointegration 
residuals can be used for damage detection and fault diagnosis. The proposed damage detec-
tion method is summarised using a sequence of two computation steps, namely cointegration 
and ADF test, as shown in Figure 5.4. More specifically, after the Johansen’s cointegration 
procedure (described in Section 3.4) is used to analyse the SHM data, the ADF statistical test 
is applied to cointegration residuals and then ADF t-statistics are calculated using the station-
arity calculation procedure (presented in Section 3.5). The resulting t-statistics  – exhibiting 
quantitatively the stationary statistical characteristics of cointegration residuals  – are used 
for damage detection to separate data representing the damaged and undamaged condition.

Fig. 5.4. Damage detection using stationary statistical characteristics of cointegration residuals
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5.2. Case study 1:  
Structural damage detection in aluminium plates 
using lamb waves under temperature variations

5.2.1. Lamb wave data contaminated by temperature
Lamb wave experimental data used in this study originate from a series of experiments 

described in [4]. A pitch–catch configuration of Lamb wave propagation was considered. 
A rectangular (200 x 150 mm) aluminum plate of 2 mm thickness instrumented two low-
profile, surface-bonded piezoceramic Sonox P155 transducers (diameter 10 mm, thickness 
1 mm) was used in the experiments. These transducers were used for Lamb wave generation 
and response sensing. A five-cycle 75 kHz cosine burst signal of maximum peak-to-peak 
amplitude equal to 10 V was enveloped using a half-cosine wave. This signal was used for 
Lamb wave generation. The excitation signal was generated using the TTi TGA 1230 arbitrary 
waveform generator. Lamb wave responses were acquired using a digital 4-channel LeCroy 
LT264 Waverunner oscilloscope. Both signal generator and oscilloscope were controlled in 
MATLAB through the General Purpose Interface Bus (GPIB) protocol standard, running 
on a standard PC. A small hole was drilled in the middle of the plate to simulate seeded 
damage. The instrumented aluminium plate was placed in a 100 liter LTE Scientific oven to 
obtain data for various temperature levels. The temperature on the surface of the plate was 
measured using a thermal probe. A schematic diagram of the experimental arrangement is 
presented in Figure 5.5.

Firstly, experimental tests were performed using the intact (or undamaged) plate that 
was firstly heated up (from 35°C to 70°C) and then cooled down (from 70°C to 35°C) with 
a step change of 5°C. The heating and cooling cycles were performed twice to address the 
problem of repeatability and check for possible hysteresis between cycles. Then, a hole 
was drilled in the middle of the plate and the entire experimental work was repeated. The 
analysis presented in this investigation used Lamb wave response data for three differ-
ent damage conditions (one undamaged plate and two damaged plates with 1 and 5 mm 
hole), acquired at four different temperatures (35°C, 45°C, 60°C, and 70°C) for different 
heating and cooling steps. This implies a scenario of variable environmental conditions, 
i.e., data were corrupted by different values of temperature. The scenario involved four 
different data sets for each damage condition that can be described using the following  
sequences:

1) first heating: 1H-35°C => 1H-45°C => 1H-60°C => 1H-70°C;
2) first cooling: 1C-70°C => 1C-60°C => 1C-45°C => 1C-35°C;
3) second heating: 2H-35°C => 2H-45°C => 2H-60°C => 2H-70°C;
4) second cooling: 2C-70°C => 2C-60°C => 2C-45°C => 2C-35°C.

where the codes used mean: 1H  – the first heating step, 1C  – the first cooling step, 2H  – 
the second heating step, and 2C  – the second cooling step. These codes are used in front of  
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the relevant temperatures to distinguish tests that were performed for the same temperature, 
but at different heating and cooling phases. Each data set included twenty (n = 20) Lamb wave 
responses made up from randomly selected five measurements at each different temperature 
(i.e., five measurements at 35°C, five measurements at 45°C, five measurements at 60°C, and 
five measurements at 70°C). Each measurement consisted of 5000 data points acquired using 
the sampling rate of 10 MHz. Strong influence of temperature on the investigated Lamb wave 
data has been observed, as reported previously in [4]. In addition, it is worth to note that the 
Lamb wave data used in this application were also used in the previous study on temperature 
effect modelling in Lamb wave propagation based on the local interaction simulation approach 
(LISA) [5]. The results show strong influence of temperature on the analysed data. Figure 5.6 
shows examples of Lamb wave responses for selected measurements representing the three 
damage conditions at the minimum 35°C and maximum 70°C temperatures investigated. 
The examples illustrate changes in the analysed data due to both damage and temperature. 
However, there are hardly any apparent temperature- or damage-related trends that could be  
observed.

Fig. 5.5. Experimental arrangement [6]
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Fig. 5.6. Lamb wave responses corrupted by damage and temperature changes [7]

5.2.2. Lag length selection results

The optimal lag length selection algorithm based on stationarity analysis used for struc-
tural damage detection (presented in Chapter 4) was applied for Lamb wave data (described 
in Section 5.2.1). First, the averaged ADF t-statistics calculated for four Lamb wave data 
sets  – representing the undamaged condition (or the intact aluminium plate)  – acquired during 
the first heating step, the first cooling step, the second heating step, and the second cooling 
step, are presented in Figure 5.7a. These statistics were then averaged for the whole heating-
cooling process. The results for various lag lengths analysed  – given in Figure 5.7b  – show 
that the averaged ADF t-statistics exhibit a clear local minimum for p = 6. This value of lag 
length  – producing the most stationary residuals when the Lamb wave data representing the 
undamaged condition is analysed  – is considered as the best value for cointegration analysis. 
The assumption is that if this lag length is used, damage detection procedure will give the 
best results.
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Fig. 5.7. The averaged ADF t-statistics calculated for four Lamb wave data sets representing  
the undamaged condition for: a) different heating and cooling steps; b) the whole heating-cooling  

process [8]

In the next step, the Johansen’s cointegration procedure  – employing the optimal lag 
length p = 6 established  – has been applied to remove undesired temperature effects from 
Lamb wave data such that damage detection using Lamb waves can be carried out reliably.

5.2.3. Damage detection results using cointegration residuals

Figures 5.8–5.10 show the cointegration results using the optimal lag length p = 6 for 
different data projections and damage severities investigated. The examples presented are for 
the lamb wave data corrupted by the multiple temperature trend scenario in the first heating 
step. Nineteen cointegration residuals can be found in each figure. This is explained as fol-
lows. As described in Section 5.2.1, twenty Lamb wave responses from each data set were 
cointegrated using the Johansen’s cointegration procedure. Assuming that there is only one 
common stochastic trend (c = 1)  – driven by temperature variations  – is present in this twenty-
variable cointegrated system (n = 20). Recall the duality between cointegration and common 
trends (discussed in Section 3.2). In this case, the cointegration process might create as many 

a) b)
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as r = 19 linearly independent cointegrating vectors (i.e., r = n - c = 19, where n = 20 and 
c = 1). These vectors were used to produce nineteen cointegration residuals by performing 
the data projection processes (described in Section 5.1.1).

Figure 5.8 shows the results for the “undamaged data on undamaged data” projection 
case for the undamaged plate. No immediate trends can be observed from these cointegra-
tion residuals that resemble white noise processes. Very similar patterns were obtained in 
Figure 5.9 for the “damaged data on damaged data” projection case when the damaged plate 
with 1 mm hole was investigated. However, the results in Figure 5.10 for the “damaged data 
on damaged data” projection case for the damaged plate with 5 mm hole are slightly different. 
It is easy to notice that the 1st cointegration residual (top left characteristics) in Figure 5.10 is 
much smoother and exhibits much smaller peak-to-peak amplitude when compared with the 
relevant characteristics in Figures 5.8 and 5.9. These results can be used to distinguish the 
damaged plate with 5 mm hole from the undamaged plate and the damaged plate with 1 mm 
hole. It should be noted that the results for the other heating-cooling steps are very similar.

In summary, when the cointegration analysis is performed on Lamb wave responses and 
the peak-to-peak amplitude of cointegration residuals is used as damage-sensitive indicator, 
the damaged plate with 5 mm hole can be detected and distinguished from the undamaged 
condition by using the 1st cointegration residual. However, the smaller damage severity (i.e., 
the damaged plate with 1 mm hole) cannot be detected in this case.

Fig. 5.8. Cointegration residuals calculated from Lamb wave responses representing the undamaged 
condition [9]
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Fig. 5.9. Cointegration residuals calculated from Lamb wave responses representing the damaged 
plate with the 1 mm hole [9]

Fig. 5.10. Cointegration residuals calculated from Lamb wave responses representing the damaged 
plate with the 5 mm hole [9]
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5.2.4. Damage detection results using wavelet variance 
characteristics of cointegration residuals

All cointegration residuals presented in Figures 5.8–5.10 were further processed using 
wavelet-based fractal analysis (described in Section 5.1.2). The orthogonal Daubechies wavelet 
of the 4th order [10] was used for the discrete wavelet transform. The data were decomposed 
into wavelet levels. Since Lamb wave response consisted of 5000 data samples, thirteen 
wavelet levels were obtained in this decomposition for each Lamb wave response analysed. 
Higher order levels corresponded to lower frequencies in this implementation. The logarithmic 
variance was calculated for all wavelet levels. The entire procedure was implemented using 
the MATLAB Wavelet Toolbox [11].

Figures 5.11–5.13 show the results for different data projections and damage severities 
investigated. The results presented are for the lamb wave data corrupted by the multiple 
temperature trend scenario in the first heating step. Each figure presents nineteen wavelet 
variance characteristics.

Fig. 5.11. Wavelet variance characteristics calculated from the cointegration residuals shown in 
Figure 5.8. The results represent the undamaged plate [9]

The results for the undamaged plate are given in Figure 5.11. The relevant wavelet vari-
ance characteristics resemble straight lines with positive slopes. Linear regression was used 
and straight lines were fitted to the characteristics presented in Figure 5.11. Then correlation 
coefficients were then calculated. This analysis was performed for the multiple temperature 
trend scenario in all heating-cooling steps. The results are presented in Table 5.1. Here, the fifth 
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column of correlation coefficients gives the averaged values calculated for all heating-cooling 
steps. The correlation coefficients calculated for the results presented in Figure 5.11 (the first 
column of correlation coefficients in Table 5.1) are always larger than 0.99. Clearly, the ana-
lysed cointegration residuals are self-similar. Six values of averaged correlation coefficients 
(shown in the fifth column of correlation coefficients in Table 5.1) are smaller than 0.99 and 
three values are smaller than 0.95. The total mean value for all coefficients is equal to 0.9852.

The relevant results for the damaged plate with 1 mm hole are given in Figure 5.12. 
Visual observation of these results show that the self-similar pattern  – observed for the un-
damaged plate in Figure 5.11  – is clearly broken for at least four presented wavelet variance 
characteristics. These are the first, second and fifth characteristics from the left in the first 
row and the middle characteristic in the second row. These characteristics do not resemble 
straight lines. The linear regression confirms this observation. The relevant four correlation 
coefficients  – indicated in the first column of correlation coefficients in Table 5.2  – are 
smaller than 0.99 and equal to 0.6573, 0.9349, 0.9247 and 0.9501. Eight values of averaged 
correlation coefficients (shown in the fifth column of correlation coefficients in Table 5.2) 
are smaller than 0.99 and five values are smaller than 0.95. The total mean value for all coef-
ficients is equal to 0.9750.

Fig. 5.12. Wavelet variance characteristics calculated from the cointegration residuals shown in 
Figure 5.9. The results represent the 1 mm hole damaged plate [9]

The results for the damaged plate with 5 mm hole are given in Figure 5.13. Here, the 
self-similar pattern is almost completely broken. This is conformed by the linear regression 
analysis. The correlation coefficients for the damaged plate with 5 mm hole (corresponding 



72

to Figure 5.13) are given in Table. 5.3. Here, only handful of values is larger than 0.99. The 
total mean value of correlation coefficients for the damaged plate with 5 mm hole is equal 
to 0.7996. These values are much smaller than the relevant value of the undamaged plate.

Finally, the summary of all results is presented in Figures 5.14 and 5.15. The averaged 
values of correlation coefficients  – calculated for all cointegration residuals  – are plotted in 
Figure 5.14 for all damage conditions. The total mean values of all correlation coefficients 
decrease with damage severity, as illustrated in Figure 5.15. This demonstrates that all 
damage conditions were clearly detected and relevant damage severities can be classified. 
In conclusion, the results obtained clearly show that cointegration residuals display fractal 
nature and are self-similar when the plate is undamaged. In contrast, this pattern is broken 
when damage exists in the plate.

Fig. 5.13. Wavelet variance characteristics calculated from the cointegration residuals shown in 
Figure 5.10. The results represent the 5 mm hole damaged plate [9]

Table 5.1
Analysis of correlation coefficients for the undamaged plate

Cointegration
residuals

(A) 1st heating
step

(B) 1st cooling
step

(C) 2nd heating
step

(D) 2nd cooling
step

Average for
(A)–(D)

1st 0.9953 0.9976 0.9974 0.9991 0.9973
2nd 0.9988 0.9991 0.9990 0.9366 0.9834
3rd 0.9964 0.9991 0.9923 0.9937 0.9954
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Table 5.1 cont.

4th 0.9974 0.9968 0.9984 0.9955 0.9970
5th 0.9980 0.8023 0.9908 0.9532 0.9361
6th 0.9962 0.8188 0.9911 0.9936 0.9499
7th 0.9952 0.9974 0.9977 0.9971 0.9969
8th 0.9969 0.9988 0.9496 0.9957 0.9852
9th 0.9965 0.9861 0.9979 0.9941 0.9937
10th 0.9990 0.9977 0.9355 0.9991 0.9828
11th 0.9954 0.9985 0.9984 0.9983 0.9977
12th 0.9989 0.9976 0.9946 0.9908 0.9955
13th 0.9957 0.9965 0.9978 0.9920 0.9955
14th 0.9978 0.9982 0.9249 0.8442 0.9413
15th 0.9982 0.9980 0.9983 0.9960 0.9976
16th 0.9989 0.9968 0.9956 0.9693 0.9901
17th 0.9964 0.9978 0.9959 0.9961 0.9966
18th 0.9943 0.9957 0.9876 0.9957 0.9933
19th 0.9918 0.9936 0.9946 0.9977 0.9944

Total mean value = 0.9852

Table 5.2 
Analysis of correlation coefficients for the damaged plate with 1 mm hole

Cointegration
residuals

(A) 1st heating
step

(B) 1st cooling
step

(C) 2nd heating
step

(D) 2nd cooling
step

Average for
(A)–(D)

1st 0.6573 0.9815 0.9974 0.9905 0.9067

2nd 0.9349 0.9837 0.9984 0.9993 0.9791

3rd 0.9964 0.9969 0.9987 0.9979 0.9975

4th 0.9990 0.9916 0.9970 0.9919 0.9949

5th 0.9247 0.9948 0.9947 0.9988 0.9783

6th 0.9991 0.6193 0.9952 0.9983 0.9030

7th 0.9982 0.9989 0.9995 0.9904 0.9968

8th 0.9501 0.9988 0.9936 0.9972 0.9849

9th 0.9989 0.9970 0.9974 0.9986 0.9980

10th 0.9970 0.9982 0.9943 0.7787 0.9421

11th 0.9973 0.9978 0.9963 0.9985 0.9975

12th 0.9985 0.9984 0.7200 0.9874 0.9261
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Table 5.2 cont.

Cointegration
residuals

(A) 1st heating
step

(B) 1st cooling
step

(C) 2nd heating
step

(D) 2nd cooling
step

Average for
(A)–(D)

13th 0.9987 0.9984 0.9958 0.9972 0.9975
14th 0.9974 0.9837 0.9968 0.9949 0.9932
15th 0.9942 0.9985 0.9951 0.9959 0.9959
16th 0.9987 0.8032 0.9962 0.9978 0.9490
17th 0.9953 0.9943 0.9934 0.9975 0.9951
18th 0.9948 0.9973 0.9954 0.9950 0.9956
19th 0.9931 0.9930 0.9925 0.9966 0.9938

Total mean value = 0.9750

Table 5.3
Analysis of correlation coefficients for the damaged plate with 5 mm hole

Cointegration
residuals

(A) 1st heating
step

(B) 1st cooling
step

(C) 2nd heating
step

(D) 2nd cooling
step

Average for
(A)–(D)

1st 0.9929 0.9929 0.9931 0.9930 0.9930
2nd 0.6306 0.8600 0.8284 0.9075 0.8066
3rd 0.5839 0.7814 0.8978 0.8806 0.7859
4th 0.9677 0.9590 0.9487 0.9700 0.9613
5th 0.8101 0.9825 0.6587 0.6313 0.7707
6th 0.8009 0.9438 0.2298 0.9360 0.7276
7th 0.9846 0.8090 0.8636 0.7893 0.8616
8th 0.9709 0.8551 0.9857 0.9590 0.9427
9th 0.7686 0.8215 0.9407 0.9711 0.8755

10th 0.0664 0.1826 0.8495 0.1155 0.3035
11th 0.9703 0.9919 0.6929 0.9887 0.9110
12th 0.1930 0.8977 0.8281 0.9024 0.7053
13th 0.9485 0.7184 0.9794 0.2909 0.7343
14th 0.8827 0.8208 0.1169 0.9447 0.6913
15th 0.9831 0.3628 0.0605 0.9553 0.5904
16th 0.9413 0.9681 0.9668 0.5284 0.8511
17th 0.8685 0.8343 0.9682 0.9548 0.9065
18th 0.7976 0.6852 0.8940 0.7648 0.7854
19th 0.9920 0.9910 0.9879 0.9814 0.9881

Total mean value = 0.7996
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Fig. 5.14. Averaged correlation coefficients calculated for different cointegration residuals representing 
various damage conditions

Fig. 5.15. Total mean values of all correlation coefficients calculated for all cointegration residuals 
representing various damage condition
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5.2.5. Damage detection results  
using stationary statistical characteristics  
of cointegration residuals

All cointegration residuals obtained from the previous step (i.e., cointegration analysis 
of Lamb wave responses using the optimal lag length p = 6) were further analysed using 
their stationary statistical characteristics (described in Section 5.1.3). Figure 5.16 shows ex-
amples of the damage detection results calculated for three damage severities (undamaged 
plate, 1 mm hole damaged plate and 5 mm hole damaged plate) at four different temperatures  
(35, 45, 60 and 70°C). The results show that for all temperatures investigated the average 
ADF t-statistics for the undamaged plate and the damaged plate with 1 mm hole are always 
overlapped. However, the relevant statistics for the damaged plate with 5 mm hole are very well 
separated from the t-statistics of the other two damage severities. Interestingly, these statistics 
display large negative values (that is, smaller than -25) for the first cointegration residual, 
whereas the relevant statistics for the remaining residuals are relatively stable and remain 
between -10 and -5. In this case, the first cointegrating vector created the most stationary 
cointegration residual. It is important to note that the damage detection results in Figure 5.16 
exhibit similar ADF t-statistic patterns for all four different temperatures investigated. This 
is due to the fact that the temperature effect was purged from the Lamb wave data by the 
cointegration process. Therefore, the ADF test was effectively applied to the cointegration 
residuals that were free from temperature variations.

Fig. 5.16. Examples of Lamb wave-based damage detection results using stationary statistical 
characteristics of cointegration residuals [6]
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In summary, when stationary statistical characteristics of cointegration residuals are 
used the damaged plate with 5 mm hole can be easily detected, i.e., this damage severity can 
be distinguished from the undamaged condition, regardless the variations of temperature. 
However, the damaged plate with 1 mm hole cannot be detected in this case.

5.3. Case study 2:  
Impact damage detection in composite plates  
using nonlinear acoustics under load changes

5.3.1. Principle  
of nonlinear vibro-acoustic wave modulation technique

The vibro-acoustic modulation technique utilises the combined interaction of high- 
-frequency ultrasonic wave and low-frequency (modal) vibration. The excitations are introduced 
to the structure at the same time. Next, ultrasonic responses are acquired and processed using 
the frequency-domain approach. In principle, when the monitored structure is undamaged, 
power spectra of response signals exhibit predominantly two major frequency components 
corresponding to the propagating high-frequency (HF) ultrasonic wave and the low-frequency 
(LF) modal excitation, as illustrated in Figure 5.17a. 

Fig. 5.17. The principle of nonlinear vibro-acoustic wave modulation technique: a) undamaged 
structure; b) damaged structure [14]

a)

b)
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When the monitored structure is damaged, the relevant power spectra contain additional 
components. These are the modulation sidebands around the main ultrasonic component, as il-
lustrated in Figure 5.17b. In addition, higher order harmonics associated with the low-frequency 
modal excitation can be also observed in the frequency domain (Figure 5.17b). The number 
of sideband pairs and their amplitude depend on modulation intensity and relate to damage 
severity. The frequencies of these sidebands are equal to

 f f nfSn HF LF= ±  (5.6)

where fSn is the frequency of the nth (n = 1,2,3,..., n) sideband, fHF is the frequency of ultrasonic 
wave and fLF is the frequency of modal excitation. The intensity of modulation intensity R can 
be estimated from amplitudes of the two fundamental sidebands (A1 and A2) and the amplitude 
of the high-frequency ultrasonic component A0 as

 R
A A

A
=

+( )1 2

0

 (5.7)

This parameter can be used as a damage indicator. However, in practice the value of R 
depends not only on damage severity but also the amplitude level of low-frequency modal 
excitation, as explained in [12–14].

5.3.2. Vibro-acoustic data  
for different frequencies of modal excitations

Two composite plates (one intact and one with a centrally positioned delamination) were 
used in this case study. The plates were manufactured from carbon/epoxy (Seal HS160/REM)  
unidirectional prepreg layers. The stacking sequence of the laminate was [03/903]S. The 
dimensions of the plates were 150 mm x 300 mm and the average laminate thickness was 
equal to 2 mm [14]. The plates were ultrasonically C-scanned prior to testing to assess the 
quality of the laminate and to exclude any presence of possible manufacturing defects. 
The composite plates were instrumented with two low-profile, surface bonded piezoc-
eramic transducers in which the PI Ceramics PIC155 transducer was used for ultrasonic 
excitation and the NOLIAC CMAP4 piezoceramic stack actuator was used for modal exci-
tation. Impact testing was then performed on one plate using an instrumented drop-weight 
testing machine. The impactor of the drop-weight machine had a mass of 2.3 kg and was 
equipped with a hemispherical indenter of 12.5 mm in diameter. An impact of 3.9 J energy 
was introduced centrally to one of the plates. The required impact energy was achieved 
by selecting an appropriate drop height of the impactor. Ultrasonic C-scanning was then 
used to assess nature and extent of internal damage, that is, a peanut-shape delamination 
at the 900/00 interface. The delamination area was estimated as 326 mm2. It is important to 
note that no visible sign of damage could be observed on both surfaces of the composite 
plate. Figure 5.18 shows the instrumented composite plate and the ultrasonic scan of the 
centrally located delamination.
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a) b)
 

Fig. 5.18. Composite plates used in damage detection tests: a) general view; b) C-scan image of 
delaminated area [14]

Vibro-acoustic data used in this current work were acquired from a series of nonlinear 
vibro-acoustic wave modulation experiments. The frequency of modal excitation was selected 
following numerical simulations of modal analysis and delamination divergence [13]. Ex-
perimental modal analysis was performed to select resonance frequencies for low-frequency 
modal excitation. The frequency corresponding to vibration mode were used as monohar-
monic low-frequency excitation [13]. Figure 5.19 illustrates the experimental set-up used for 
these tests. Once the plate was excited modally using the piezoceramic stack actuator, the 
piezoceramic transducer was used simultaneously to generate an ultrasonic wave. A Polytec 
PSV-400 scanning laser vibrometer was used for non-contact measurements of vibro-acoustic 
responses from the plates. The excitation signals were generated and amplified using a PAQ-G 
amplifier. Nonlinear vibro-acoustic tests were performed subsequently for the intact and dam-
aged composite plates using the following excitation parameters [14]:

– HF ultrasonic excitation  – a sine wave of frequency equal to 60 kHz with the peak-to-
peak amplitude equal to 25 V was used for both composite plates.

– LF modal (or vibration) excitation  – one of the four selected resonance frequencies (178, 
336, 479, or 758 Hz) was used for modal excitation. The selection of LF excitation is 
one of the crucial elements of the entire procedure. Previous work [12–14] has showed 
that different vibration modes can lead to different damage detection sensitivity. Also, 
once this frequency is selected, damage detection results cannot be compared with simi-
lar results for other frequencies.

In order to consider the effects of variable operational conditions, the analysis presented 
in this study utilised twenty (n = 20) vibro-acoustic responses for each damage condition  
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(the intact and damaged composite plates). The twenty responses were made up from ran-
domly selected five measurements/tests for each different LF modal excitation (i.e., five 
measurements at 178 Hz, five measurements at 336 Hz, five measurements at 479 Hz, and 
five measurements at 758 Hz). Each response measurement consisted of 5000 data samples.

Fig. 5.19. Experimental set-up used for nonlinear vibro-acoustic tests [14]

5.3.3. Lag length selection results
The optimal lag length selection algorithm based on stationarity analysis used for struc-

tural damage detection (presented in Chapter 4) was applied for vibro-acoustic data (described 
in Section 5.3.2). First, the averaged ADF t-statistics calculated for four vibro-acoustic data 
sets  – representing the undamaged condition (or the intact composite plate)  – under differ-
ent low-frequency modal excitations, i.e., LF = 178 Hz, LF = 336 Hz, LF = 479 Hz, and 
LF = 758 Hz, are presented in Figure 5.20a. These t-statistics were then averaged for all 
four investigated LF modal excitations. The results for various lag lengths analysed  – given 
in Figure 5.20b  – show that the averaged ADF t-statistics exhibit a clear local minimum for 
p = 5. This lag length value produces the most stationary residuals when the vibro-acoustic 
data representing the undamaged condition is analysed. The assumption is that if this lag 
length is used, damage detection procedure will give the best results.
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a) b)

Fig. 5.20. The averaged ADF t-statistics calculated for four vibro-acoustic data sets representing the 
undamaged condition for: a) different low-frequency modal excitations; b) all low-frequency modal 

excitations [8]

5.3.4. Damage detection results  
using stationary statistical characteristics  
of cointegration residuals

The Johansen’s cointegration procedure  – employing the optimal lag length p = 5 
established  – was first applied for vibro-acoustic data obtained from experiments on the 
damaged composite plate under different low-frequency modal excitations, as described in 
Section 5.3.2. Then, all cointegration residuals obtained were further analysed using their 
stationary statistical characteristics (described in Section 5.1.3). The ADF t-statistic results 
obtained were then compared with that of the undamaged condition. Some selected dam-
age detection results  – obtained for two cases using modal excitations LF = 178 Hz and 
LF = 758 Hz  – are presented in Figures 5.21 and 5.22, respectively.

For the case using LF = 178 Hz, the results presented in Figure 5.21 show that the average 
ADF t-statistics for the damaged plate are well separated from that of the undamaged plate 
for nine cointegration residuals (from 8th to 13th and from 16th to 18th). Clearly, the damage 
can be detected when these cointegration residuals are used for damage detection. Similar 
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results can be observed in Figure 5.22 for the case using LF = 758 Hz. It can be seen that the 
average ADF t-statistics for the damaged plate are well separated from that of the undamaged 
plate for twelve cointegration residuals (from 3rd to 7th, from 9th to 11th, 15th, 16th, 18th, and 
19th). Therefore, the damage can be reliably detected by using these cointegration residuals.

In order to illustrate that cointegartion method can compensate for the effects of vari-
able operational conditions in nonlinear vibro-acoustic wave modulation, mixed ultrasonic 
response data for four different frequencies of modal excitations (LF = 178, 336, 479 and 
758 Hz) were analysed. The mixed data consist of twenty vibro-acoustic responses which 
were made up from randomly selected five measurements for each LF modal excitation, that 
is, five measurements at 178 Hz, five measurements at 336 Hz, five measurements at 479 Hz, 
and five measurements at 758 Hz. This case represents the most likely used damage detec-
tion scenario in practice  – i.e., modal excitation parameters should be arbitrarily selected 
without any a priori knowledge about nonlinear modulation for the undamaged and damaged 
case. The results in Figure 5.23 show that the average ADF t-statistics for the damaged plate 
are well separated from that of the undamaged plate for almost all cointegration residuals, 
except the last three residuals (from 17th to 19th). Consequently, the damage can be reliably 
detected in this case.

In summary, the case study demonstrates that the cointegration-based approach can 
effectively remove the effect of variable operational (loading) condition associated with 
low-frequency modal excitation from the vibro-acoustic data. As a result, damage detection 
is possible, regardless the selection of vibration modes (i.e., the frequency of LF excitation).

Fig. 5.21. Damage detection results based on vibro-acoustic data with the modal excitation  
LF = 178 Hz



83

Fig. 5.22. Damage detection results based on vibro-acoustic data with the modal excitation LF = 758 Hz

Fig. 5.23. Damage detection results based on mixed vibro-acoustic data for four different frequencies 
of modal excitations (LF = 178, 336, 479 and 758 Hz)
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5.4. Summary and conclusions

In this chapter the cointegration method, employed with the optimal lag length, has been 
validated using two SHM applications: (1) Lamb wave responses from intact and damaged 
metallic plates exposed to temperature variations and (2) vibro-acoustic responses from intact 
and delaminated composite plates acquired from nonlinear vibro-acoustic wave modulation 
experiments for different low-frequency vibration (or modal) excitations. Three damage 
detection scenarios have been utilised for the purpose. The first one is directly based on geo-
metrical features of cointegration residuals (the peak-to-peak amplitude of residuals in this 
case). The second one uses wavelet variance characteristics of cointegration residuals. The 
third one employs stationary statistical characteristics of cointegration residuals.

The results obtained in the first application show that the cointegration analysis has suc-
cessfully removed temperature effects from the analysed data. In case if cointegration residuals 
were directly used then only the damaged plate with 5 mm hole was detected. However, when 
fractal-based signal processing was performed on the cointegration residuals, all damaged 
conditions (the damaged plates with 1 and 5 mm hole) were clearly detected in the face of 
temperature changes and relevant damage severities could be obviously classified. The results 
show that the cointegration residuals display fractal nature and are self-similar when the plate 
is undamaged. In contrast, this pattern is broken when damage exists in the plate. When 
stationary statistical characteristics of cointegration residuals were used, the damaged plate 
with 5 mm hole can be easily detected, regardless of the temperature variations. However, 
damage detection for the plate with 1 mm hole was not possible.

In the second application, the results show that the cointegration analysis has effectively 
compensated for effects related to frequency selection for modal excitation on nonlinear vibro-
acoustic wave modulations. Consequently the damage detection analysis was performed more 
accurately and robustly than the existing nonlinear acoustics approach based on modulation 
intensity. In addition, the cointegration analysis can significantly simplify the method with 
respect to the choice of modal excitation frequencies.

In summary, the two case studies have demonstrated the effectiveness of the cointegra-
tion-based approach for structural damage detection based on SHM data heavily affected by 
environmental or operational conditions. The method can compensate for (or remove) the 
undesired effect of temperature from Lamb wave responses as well as that of modal excitation 
from vibro-acoustic responses and reliably detect damage in both cases.

It is worth to note that in the study [8] the optimal lag length found by the proposed 
approach was compared with the choice of lag length using the Sequential Modified Likeli-
hood Ratio (SMLR) test method as well as the nearby optimal and other arbitrarily chosen 
lag values. These investigations were validated using the same sets of SHM data. The results 
show that the lag length values  – selected by using the proposed method  – give better damage 
detection results than the values of lag length found by the classical SMLR test as well as 
arbitrarily selected lag length values. Damage detection was successful when the lag length 
was selected following the proposed methodology. In contrast, damage detection was not 
possible or questionable when other lag length values were used.



Finally, some important aspects of the presented method are discussed here before clos-
ing this chapter. First, because the major power and interest of the method is the removal 
of undesired trend causing by changing temperature or load conditions, the sensitivity (or 
effectiveness) of the method with respect to the undesired trend removal has been analysed 
for different damage detection scenarios (i.e., damage severities) in the first case study using 
lamb wave data. The sensitivity with respect to different damage locations was not performed 
yet, and thus will be investigated in the future. Second, in both examples, the baseline-based 
approach with undamaged data was used. However, the author believes that the method can also 
be applied for the baseline data representing (small) damage condition. If this is the case then 
it would allow ones to monitor the progress of damage. This will be examined in the future.
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6. Cointegration-based approach  
to condition monitoring of wind turbines

6.1. Introduction
Recent forecasts show that renewable energy sources will be generating more than 25% 

of world’s electricity by 2035, with a quarter of that coming from wind [1]. This fact implies 
that wind energy is one of the fastest growing renewable energy sources. The increasing inter-
est in wind energy sector has led to the rapid expansion of onshore and offshore wind farms. 
This expansion has drawn much attention to the operation and maintenance of wind turbines 
(WTs) [1–3].

It is well known that unexpected failures of wind turbine components can cause costly 
repair and often months of machine unavailability, thereby increasing operation and mainte-
nance costs and subsequently cost of energy. Therefore, condition monitoring and fault diag-
nosis of WTs at the early stage of fault occurrence is important [2, 3]. Condition Monitoring 
(CM) is often defined as the process of monitoring a parameter of condition in machinery 
(e.g., vibration or temperature) such that a significant change is indicative for a developing 
failure [4]. Various CM techniques have been developed to detect and diagnose abnormalities 
of WTs, as reviewed in the literature [2, 5–10], such as vibration analysis, oil monitoring and 
analysis, acoustic emission, ultrasonic testing techniques, strain measurement, radiographic 
inspection, thermography. The recent review in [10] presented a comprehensive survey on 
the state-of-the-art condition monitoring and fault diagnostic technologies for wind turbines 
with the focus on the signals and signal processing methods.

Another solution  – based on the use and analysis of supervisory control and data acquisi-
tion (SCADA) data  – has been recently employed in [3, 11–17]. This approach is cost-efficient, 
readily available, and is beneficial for identifying abnormal components because only key 
process parameters need to be tracked [2, 3, 15, 16]. However, the previous investigations in 
[3, 11–17] have demonstrated that condition monitoring and fault diagnosis of WTs through 
processing and interpreting simultaneously a large amount of data obtained from a SCADA 
system is difficult and can be daunting for an experienced analyst or engineer. Moreover, 
monitoring of data trends and removal of undesired effects of environmental and operational 
variability from SCADA data are important when SCADA approaches are used. However, 
these issues have not been adequately investigated in the literature. Therefore, it is important 
to develop new SCADA data analysis methods for effective trend removal, continuous condi-
tion monitoring, and reliable abnormal detection of WTs.
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This chapter presents a new SCADA data analysis/processing method  – in principle, 
based on the residual-based control chart approach  – for condition monitoring and fault diag-
nosis of WTs. The main idea is that cointegration is a property of some sets of nonstationary 
time series where a linear combination of these nonstationary series can produce a stationary 
residual. Then the stationarity (or nonstationarity) of the cointegration residual can be used 
in a control chart as a potentially effective damage feature. SCADA data  – acquired from 
a WT drivetrain with a nominal power of 2 MW in 30 days under varying environmental 
and operational conditions  – were used to validate the method. Two known problems of the 
wind turbine (i.e., an abnormal operating state and a gearbox fault) were used to illustrate 
the fault detection ability of the method. A two-stage cointegration-based data analysis pro-
cedure has been developed for this purpose. Analysis of cointegration residuals  – obtained 
from cointegration process of SCADA data  – is used for operational condition monitoring 
and automated fault/abnormal detection.

Two case studies were investigated in this research work. The first case study used six 
process parameters of the wind turbine (i.e., wind speed, generator speed, generated power, 
generator temperature, generator current, gearbox temperature), whereas the second case 
study used only the temperature data of gearbox bearing and generator winding. The results 
shows that both case studies could effectively monitor the wind turbine and reliably detect 
abnormal problems with almost the same quality. This confirms that temperature data of the 
gearbox and generator can provide an early indication of wind turbine faults. Additionally, 
the use of only gearbox and generator temperature data helps to reduce the number of sensors 
needed for the monitored wind turbine and simplify the cointegration-based data analysis 
procedure performed. What is more, the proposed method has been motivated by the fact of 
its simplicity and low computational cost in comparison to other commonly used data-mining 
techniques, e.g., neural network algorithms.

6.2. Condition monitoring and fault diagnosis  
of wind turbines using SCADA data

The SCADA-based approach has great advantages for developing CM systems for 
WTs. Firstly, SCADA systems have been installed in the majority of utility-scale WTs 
for system control and logging data so that the data needed for analysis is readily avail-
able and no more hardware investment is required when developing a SCADA-based CM 
system [15, 16]. This solution is thus cheap in cost. Secondly, the technique is beneficial 
for identifying fault/abnormal components by tracking only key process parameters [2, 3]. 
Moreover, SCADA-based CM systems can be designed to operate on-line or off-line. Be-
cause of these advantages and benefits, developing CM tools for WTs using SCADA data 
has become a fast growing research field. In this section, a review of recent investigations is 
presented to illustrate the state-of-art development of the technique. Following this review, 
several existing problems with respect to SCADA-based condition monitoring approaches are  
discussed.
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6.2.1. Review of previous work
The work in [3] used fault-related data  – collected by SCADA systems at four WTs  – 

to explore a fault prediction methodology that consists of three levels: (1) fault and no-fault 
prediction; (2) fault category prediction; and (3) specific fault prediction. Various data-mining 
algorithms were applied to develop models used for predicting possible faults. The wind speed 
and power output were used as input variables to identify faults of a WT. For each level of 
fault prediction, the general process was divided into four steps: labeling SCADA data, data 
sampling, model extraction, and computational results analysis. The results demonstrated that, 
in most cases, faults could be predicted with a reasonable accuracy 60 minutes before they 
occur. However, the prediction accuracy of the fault category (at the second level) was rather 
lower yet acceptable. In addition, due to the data limitations, identifying a specific fault (at 
the third level), though valuable, was less accurate.

In [11], analysis of WT vibration based on SCADA data was investigated. Data sets 
collected by SCADA systems at two variable speed 1.5 MW turbines were used. Each data 
set contains average values of more than 120 parameters, acquired at 10-minute intervals. Six 
parameters  – which are of interest to vibration analysis  – namely, the torque, torque rate, wind 
speed, wind deviation, blade pitch angle, blade pitch rate  – were selected for the analysis. 
Three approaches  – i.e., the predictor importance analysis, global sensitivity analysis, and 
correlation coefficient analysis  – were used to conduct quantitative analysis of the impact 
importance of these six turbine parameters on the vibration of the drive train and the tower. 
Wavelet analysis was applied to filter noisy accelerometer data. To decouple the impact of 
the wind speed on the turbine vibration, the analysis was performed on data sets with narrow 
speed ranges. Five data-mining algorithms were used to build models with the six turbine 
parameters of interest as inputs, and the vibration parameters of drive train and tower as 
outputs. The performance of each model was thoroughly evaluated based on metrics widely 
used in the wind industry. As a result, the neural network algorithm has outperformed other 
algorithms and thus the NN-based model was used to predict vibration of the drive train and 
tower components. However, since these models are nonparametric, conventional optimization 
algorithms cannot be applied to solve them; instead, evolutionary algorithms are needed [11].

The investigation in [12] utilized SCADA data  – collected from a 600 kW wind turbine  – 
for failure detection. A number of measurements  – stored in 10-minute blocks including pitch 
angles, shaft torque, oil temperature and pressure, yaw positions, tower loads, wind speeds 
and directions, ambient temperature, twelve vibration measurement points, and generator 
power  – were used to develop fault detection algorithms and classification techniques, which 
are based on two approaches: a self-organizing feature map (SOFM) method and nonlinear 
principal components analysis (PCA). SOFM is a type of unsupervised clustering algorithm. 
The nonlinear PCA was implemented by using an auto-associative neural network (AANN) 
approach. The network was trained with data from normal operation. Both approaches were 
successful in identifying anomalous signatures due to a reported gearbox failure from a set 
of original measurements including rotor speeds and produced power.

The work in [13] presented two anomaly-detection methods for the detection of WT 
gearbox faults using SCADA data acquired from a wind farm. The first method is based on 
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a multi-agent system (MAS) architecture and the second one is based on neural network mod-
els of normal operating modes. These methods have been brought together into one system 
to collate their outputs and provide a single decision support environment for WT operators. 
The methods were applied to detect abnormally high temperatures based on data models. The 
results showed that the proposed methods can provide performance assessment and early fault 
identification, thereby giving WT operators sufficient time to make more informed decisions 
regarding the maintenance of their machines.

A study on the analysis of WT alarms  – stored in the SCADA database  – was carried 
out in [14] for improving the reliability of WTs. The analysis was performed on alarm records 
originating from two large populations of modern onshore WTs over a period of 1–2 years. 
The first population consists of 153 WTs of 1.5–2 MW. The second population includes 366 
identical WTs of 2.5 MW. These SCADA alarms were classified according to their location, 
function and different operational needs, where the functional categories consist of general 
alarms, system operation alarms, environmental alarms, communication & software alarms. 
Two alarm analysis methods (time-sequence and probability-based) were used in two case 
studies on the pitch and converter subsystems with known faults. The results showed that 
alarm data require relatively little storage yet provide rich condition monitoring information. 
Both analysis methods have the potential to rationalize and reduce alarm data, providing valu-
able fault detection, diagnosis and prognosis from the conditions under which the alarms are 
generated. The results have also demonstrated a need to improve wind turbine alarm systems 
and a strategy to optimize wind farm alarm management.

In [15], an alternative SCADA-based CM technique was developed for WTs. The work 
has proposed an effective method for processing raw SCADA data and presented a condition 
monitoring technique based on investigating the correlations among relevant SCADA data. 
In addition, a quantitative assessment method of the health condition of WTs under varying 
operating conditions was realised. Both laboratory and site verification tests were conducted 
on the SCADA data collected from a 750 kW wind turbine. The results showed that the 
proposed method could detect incipient wind turbine blade and drive train faults and trace 
their further deterioration.

The work in [16] developed a CM system for WTs using adaptive neuro-fuzzy inter-
ference systems (ANFIS) and SCADA data, which were continuously measured from 18 
different operating onshore WTs of the 2 MW class covering a period of 30 months. Firstly, 
33 different standard SCADA parameters were used to develop 45 ANFIS-based normal 
behaviour models in order to detect abnormal behaviour of the captured signals and indicate 
component malfunctions using the prediction error. The performance of these models was 
evaluated in terms of the prediction error standard deviations to show the applicability of 
ANFIS models for monitoring a wide range of WT SCADA data. To automate fault diagnosis, 
fuzzy interference systems were used to analyse the prediction errors for fault patterns. As 
a result, the existing expert knowledge in fault pattern interpretation and root cause diagnosis 
could be implemented in an intuitive manner, thereby providing the possibility for automated 
fault diagnosis once specific rules are implemented.

Analyses of SCADA data and condition monitoring system (CMS) data in two case stud-
ies on retrospective data from two WTs with gearbox faults were presented in [17]. The first 
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case study  – applied to SCADA data collected from a 2 MW variable-speed WT  – showed 
that by monitoring gearbox oil temperature rise, power output and rotational speed, a gearbox 
planetary stage failure could be early predicted and detected. The second case study  – used 
CMS data including gearbox vibration, oil debris and power signals from a 1.3 MW two-speed 
WT  – showed that analysis of large oil debris particle counts and vibration amplitudes plot-
ted against cumulative energy generated was able to locate and diagnose a gearbox bearing 
failure. This work has suggested that the analyses of WT SCADA and CMS data should be 
integrated to improve confidence in the diagnostic conclusions made and reduce false alarms.

6.2.2. Discussion
In summary, previous research on the use of SCADA data for condition monitoring and 

fault diagnosis of WTs has established considerable achievements. However, there exists 
two major problems with respect to SCADA-based condition monitoring approaches, as 
discussed in the literature:

– WT SCADA data are generally collected, averaged and stored at 10-minute intervals, 
as reported in [11–17], i.e., a very low-sampling rate. Although SCADA signals are ac-
quired at low-sampling rate, a variety of process parameters from different components 
of a WT are usually recorded continuously in a period of months under varying operating 
conditions; and when it comes to a wind farm with hundreds of WTs then the SCADA 
database obtained is diversified and intensive.

– SCADA data not only depend on the health condition of a WT, but also vary over wide 
ranges under varying operating conditions, as presented in [13–17]. In other words, a se-
rious fault can lead to the change of SCADA data, however the change of SCADA data 
does not necessarily mean a fault [15]. Besides effects of variable operational conditions, 
changes in ambient environment conditions (e.g., wind speed, ambient temperature and 
humidity) can seriously influence on WT SCADA data. Therefore it is hard to detect 
exactly and reliably an incipient fault from raw SCADA data if without an appropriate 
data analysis tool [15].

Recent studies on condition monitoring and fault diagnosis of WTs have focused on 
solving these two problems. Concerning the first problem, due to the great number of WTs 
to be monitored and the large amount of low-sampling rate SCADA signals to be analysed, 
human intervention in data interpretation and analysis should be avoided [16]. Consequently, 
most solutions  – taking advantage of artificial intelligence (AI) techniques (such as learning, 
adaptive and classification capabilities)  – have been proposed and used to analyse SCADA 
data. The most advanced systems using this approach are neural network algorithms [11–13] 
and adaptive neuro-fuzzy interference systems (ANFIS) [16]. However, it is well known that 
NN-based and ANFIS-based algorithms are complicated and require long training period and 
excessive computation time [11–13, 16]. With respect to the second problem, each WT requires 
intelligent CM techniques that can be fully adapted to its constantly varying operating condi-
tions. Unfortunately such technique has not been fully achieved today, as concluded in [15].
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Therefore the main objective of the present work is to develop a proper SCADA data 
analysis/processing method  – based on cointegration technique  – that can automatically 
interpret and analyse a large amount of low-sampling rate SCADA data, and additionally, is 
able to deal with undesired effects of environmental and operational variability in data used 
for condition monitoring and fault detection of wind turbines.

6.3. Cointegration-based approach  
to condition monitoring of wind turbines

Cointegration technique has been successfully applied to compensate for (or remove) 
environmental and/or operational variability in various damage detection and condition moni-
toring applications when data are linearly or nonlinearly related and environmental-operational 
variability trends are linear or nonlinear, as presented in Chapter 1. In the current work, the 
cointegration approach is employed for on-line condition monitoring of wind turbines using 
SCADA data and analysing nonlinear relations (or trends) between process (or operational) 
parameters of wind turbines.

The cointegration-based data analysis/processing procedure involves two stages:
1. Off-line stage: calculate (or estimate) cointegrating vectors using SCADA data that are 

acquired from the monitored wind turbine under normal operating conditions or modes 
(usually at the beginning of the WT’s lifetime when its components are considered 
“healthy”).

2. On-line stage: calculate cointegration residuals used for continuous (on-line) condition 
monitoring using the cointegrating vectors found and SCADA data acquired from the 
monitored wind turbine under regular operating or working phase (i.e., during electric-
ity production phase/stage).

The entire cointegration-based data analysis procedure for condition monitoring of 
wind turbines using SCADA data is shown in Figure 6.1. The computation algorithm  – 
performed in the off-line stage  – can be considered as an unsupervised learning process 
because it uses only SCADA data under normal operating conditions (i.e., not involving 
data from fault/abnormal states) to calculate cointegrating vectors. More specifically, this 
off-line stage performs the maximum eigenvalue statistic method  – developed in [19]  – for 
calculating cointegrating vectors using a number of process parameters of the wind turbine 
under a normal operating condition. In addition, the stationarity-based approach  – pre-
sented in Chapter 4  – is used in this off-line stage to determine the optimal lag length(s) 
to be included in cointegration analysis to calculate optimal cointegrating vectors. Next, 
the resulting optimal cointegrating vectors are applied to SCADA data acquired from the 
monitored wind turbine during the electricity production phase to create the cointegration 
residuals used for continuous (on-line) condition monitoring. The assumption is that if one 
of the optimal cointegrating vectors is used, the condition monitoring process will perform 
better, if comparted with other cointegrating vectors.
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Fig. 6.1. Cointegration-based data analysis procedure for condition monitoring of wind turbines using 
SCADA data [18]

Some important remarks and a comprehensive comparison between the proposed method 
and other relevant approaches are presented in the following.

First of all, it should be noted that the main idea of the cointegration-based condition 
monitoring and fault detection method proposed is basically similar to the well-known 
residual-based control chart approach, which is one of the primary techniques of statistical 
process control. Basically, control charts plot the quality characteristic as a function of the 
sample number. The charts have lower and upper control limits, which are computed from 
the samples recorded when the process is assumed to be in control. When abnormal sources 
of variability are present, sample statistics will plot outside the control limits and an alarm 
signal will be produced. An advantage of control charts is that they can be automated for 
on-line structural health monitoring [20]. In the context of the proposed method, cointegra-
tion is a property of some sets of nonstationary time series where a linear combination of the 
nonstationary series can produce a stationary residual. Then the stationarity of cointegration 
residuals can be used in a control chart as a potentially effective damage feature or indicator.

Second, it should be mentioned that regression analysis can be used for condition moni-
toring of wind power systems, as illustrated in [21]. However, cointegration analysis has been 
used in the work presented in this chapter instead of other regression techniques is due to two 
main reasons: (1) to avoid the problem of spurious regression; and (2) to actively deal with 
the undesired effect of environmental and operational conditions in the analysed data. The 
former has been discussed broadly in the econometrics literature. The problem arises when 
standard regression analysis fails while dealing with nonstationary variables, leading to spuri-
ous regressions that suggest relationships even when there are none. For example, if two time 
series show monotonic trends, even if the trends are not causally related, ordinary least-squares 
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(OLS) regression will potentially find a spurious relationship. The later relates to the ability of 
cointegartion analysis for the removal of undesired effects of environmental and operational 
variability from SCADA data, i.e., data normalisation process, while still maintaining sensitiv-
ity to abnorzmal problems.

Although the proposed method and the work presented in [21] share the same residual-
based control chart approach, there are two main differences between the two methods: 
(1) the cointegration analysis is used in the current work, whereas a nonparametric regression 
method named least squares support vector regression is used in [21]; and (2) in this study 
the adverse influences of environmental and operational conditions have been actively elimi-
nated by cointegration process, whereas in [21], the effects of weather conditions and outliers 
have been removed by using a weighted version of least squares support vector regression.

Finally, in comparison with typical data-mining algorithms  – such as neural network, 
support vector machines, decision tree learning, or naive Bayes classifier  – the cointegration-
based algorithm proposed is very simple and requires much less computational resources. 
The calculation of cointegrating vectors in the off-line stage takes only few seconds on 
a normal computer. For the second stage, the calculation algorithm is basically performed 
through projecting the SCADA data  – acquired from the monitored WT under regular work-
ing phase for producing electricity  – on the resulting optimal cointegrating vectors. This is 
done simply by multiplying a vector of time series variables by one cointegrating vector to 
form one cointegration residual (described by Equation (3.1)), or multiplying a matrix of time 
series varibales by r cointegrating vectors to obtain r cointegration residuals (described by 
Equation (3.7)). This computation process can be promptly executed in real-time manner on 
a computer-based condition monitoring system, thereby providing a simple on-line condition 
monitoring solution for wind turbines.

6.4. Experimental wind turbine data
The wind turbine data used in this research work originate from a series of experimental 

measurements for a WT drivetrain  – shown in Figure 6.2  – with a nominal power of 2 MW.  
SCADA data were acquired at 10-minute intervals during thirty days in November 2012. 
The collected data were influenced by environmental conditions (e.g., wind speed, ambient 
temperature variations between day and night, and air humidity). In addition, twelve process 
(or operational) parameters were monitored and recorded under varying operating conditions. 
These parameters can be grouped into three categories as follows.

– The first category consists of three speed parameters: the wind speed (in mps, i.e., me-
ters per second), the rotor speed (in rpm, i.e., revolutions per minute), and the generator 
speed (in rpm).

– The second category includes six parameters related to the energy conversion process, 
i.e., the active power (in kW), the generated power (in kW), the reactive power (in kW), 
the reactive power delivered (in kW), the generator voltage (in V), and the generator 
current (in A).

– The third category consists of three temperature parameters (in °C) measured in the 
gearbox and at the generator (one in the front and another in the back of the generator).
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As a result, 4320 data samples were acquired for each process parameter under the ef-
fect of both environmental and operational variability. Figure 6.3 presents examples of eight 
parameters (wind speed, generator speed, generated power, front generator temperature, 
generator voltage, generator current, back generator temperature, and gearbox temperature). 
Because wind speed is a key parameter in wind energy systems [3, 15], the relations between 
this parameter and other ones were identified. Figure 6.4a–d presents examples of nonlinear 
relations between the generator speed, the generated power, the front generator temperature, 
the gearbox temperature and the wind speed, respectively. All characteristics in Figure 6.4 
exhibit a common nonlinear trend  – that is, amplitudes of all four investigated process pa-
rameters increase nonlinearly with the increase of wind speed.

a)

b) c)

Fig. 6.2. The wind turbine drivetrain used in this study: a) general view; b) main shaft; c) clutch [18]
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Fig. 6.3. Examples of eight process parameters listed from top to bottom: wind speed, generator 
speed, generated power, front generator temperature, generator voltage, generator current, back 

generator temperature, gearbox temperature [18]



96

Fig. 6.4. Examples of nonlinear relations between four process parameters and wind speed. These 
parameters are: a) generator speed; b) generated power; c) generator temperature (front part); 

d) gearbox temperature [18]

According to [22, 23], wind turbines typically start operating and producing electricity 
at wind speeds around Beaufort scale 3 (which is around 3–5 meters per second (mps) or 
7–11 miles per hour (mph)). Turbines reach maximum power output at wind speeds around 
Beaufort scale 6 (around 11–14 mps or 25–31 mph). At very high wind speeds, i.e., Beaufort 
scale 10 (around 24 mps or 54 mph) or greater, WTs shut down to protect them from harm. 
This study assumed that under the normal operating condition the investigated wind turbine 
operated at wind speeds varying between 5 mps (or 11 mph) and 11 mps (or 25 mph). The data 
representing the assumed normal operating condition  – displayed in Figure 6.4  – was used for 
calculating the optimal cointegrating vectors (described in Section 6.5.1). Corresponding to 
the 5–11 mps wind speed range, the values (or ranges) of other process parameters under the 
normal operating condition could be determined and assumed from these characteristics as:

– the generator speed: 802–1145 rpm;
– the generated power: 20–330 kW;
– the generator temperature (front part): 32–91°C;
– the gearbox temperature: 34–70°C.

It is important to note that the entire SCADA data (4320 data samples for each process 
parameter) were used in the current work. However only a part of the dataset  – corresponding 

a) b)

d)c)
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to the first 10 days of condition monitoring process (or in other words, the first 1400 data 
samples)  – has been selected to present and discuss the results in Section 6.5. This is due 
to the fact that this selected period of time contains interesting events of condition monitor-
ing and fault diagnosis. Examples of the investigated data  – corresponding to the first 1400 
data samples  – are plotted in Figure 6.5 for three process parameters (wind speed, generator 
speed, and generated power). In this figure the pairs of dotted horizontal lines indicate the 
upper and lower limits of the analysed parameters under the assumed normal operating con-
dition. To illustrate the cointegration-based approach presented in Section 6.3, besides the 
task of continuous condition monitoring for the wind turbine, it is expected that the proposed 
method can accurately and reliably detect two known abnormal problems indicated in the 
data in Figure 6.5 as the abnormal operating state (F1) and the gearbox fault (F2). These two 
problems are described as follows.

Fig. 6.5. Wind turbine data displaying the abnormal operating state (F1) and the gearbox fault (F2) 
occurred during monitoring process [18]

The abnormal operating state (F1) occurred during a time interval (80 minutes) indi-
cated by two dotted vertical lines between the data samples 410 and 418 (see Figure 6.6). 
This abnormal operation happened while the wind speed dropped down from 4.4 mps, then 
stayed around 3.5 mps, and finally increased up to 4.75 mps. In other words, the wind speed 
varied below the assumed normal operating condition (the lower limit 5 mps). Consequently, 
the generator speed dropped down from 800 rpm to almost stationary state (standstill), then 
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suddenly increased up to more than 600 rpm and afterward rapidly decreased again to 0 rpm, 
and finally boosted up to the speed nearly 800 rpm. At the same time, the generated power 
quickly dropped down from 20 kW to 0 kW and then increased up to 17.5 kW when the 
wind speed increased up to 4.75 mps. Basically, one can observe that the generated power 
strictly followed the behaviour of the wind speed, but the generator speed varied abnormally. 
Therefore it was expected that the abnormal behaviour (or state) of the generator speed should 
be continuously and accurately monitored to guarantee its proper operating condition and 
avoid more serious problems.

Fig. 6.6. Zoomed data from Figure 6.5 displaying the abnormal state (F1) [18]

The gearbox fault (F2) occurred at the moment indicated by the circle marked at the data 
sample 1230 and persisted in 20 minutes until the data sample 1232 (see Figure 6.7). This 
fault was identified from the event logs for the wind turbine. It happened at the data sample 
1230 and the turbine was shut down immediately at the data sample 1232. More especially, 
this fault happened when the generator speed and generated power as well as the generator 
voltage and generator current were suddenly dropped down to the zero value, whereas at the 
same time, the wind speed was relatively stable around [5–6] mps (in other words, it was 
varying within the specified normal operating condition). It was correctly assumed that this 
fault might be caused by a bearing failure or journal damage in the gearbox. Therefore it is 
important to accurately detect this fault at the early stage of its occurrence.
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Fig. 6.7. Zoomed data from Figure 6.5 displaying the gearbox fault (F2) [18]

6.5. Case study 1:  
Using various process parameters of the wind turbine

SCADA data of the wind turbine  – described in Section 6.4  – were used to validate the 
cointegration-based method presented in Section 6.3. In this case study, six process parameters 
of the wind turbine have been selected for this purpose. These are: wind speed, generator 
speed, generated power, generator temperature (front part), generator current, and gearbox 
temperature. Each parameter consisted of 4320 data samples. This forms a six-variable 
cointegrated system. Following the two-stage cointegration-based data analysis procedure 
(shown in Figure 6.1), the resulting optimal cointegrating vectors are first presented and fol-
lowing with the results of condition monitoring and fault diagnosis for the wind turbine using 
cointegration residuals. Finally, some important issues are discussed.

6.5.1. Optimal cointegrating vectors
The wind turbine data  – representing the assumed normal operating condition (described 

in Section 6.4)  – were used to calculate the optimal cointegrating vectors. It is necessary to 
mention that each process parameter only consisted of 3130 data samples under this normal 
operating condition. The optimal lag length value(s) should be first established. Following 
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the lag length selection procedure  – described in Chapter 4  – the lag length p = 12 was found 
to be the best/optimal value to be employed in the cointegration analysis for calculating the 
optimal cointegrating vectors.

One needs now to recall the duality between cointegration and common trends (described 
in Section 3.2). Assuming that there is only one common stochastic trend (c = 1) presenting 
in this six-variable cointegrated system (n = 6). This common trend can be observed from 
nonlinear relations between the wind speed and other parameters in Figure 6.4a–d, where 
the increase of the wind speed basically leads to the corresponding increase of the generator 
speed, the generated power, the front generator temperature, and the gearbox temperature, 
respectively. It should be noted that the analysed common trend has a nonlinear characteris-
tic. This implies that the cointegration process created as many as r = 5 linearly independent 
cointegrating vectors (i.e., r = n - c = 5, where n = 6 and c = 1), as mentioned in Section 3.2. 
As a result, the following five optimal cointegrating vectors were obtained.

The 1st cointegrating vector is:

b1 3 9370 0 0756 0 0354 0 3531 0 0146 0 2118= − − − . . . . . .
T  (6.1)

The 2nd cointegrating vector is:

b2 2 1654 0 0194 0 0109 0 2813 0 0159 0 7856= − − . . . . . .
T  (6.2)

The 3rd cointegrating vector is:

b3 6 1650 0 0024 0 3292 0 1172 0 0387 0 3058= − − . . . . . .
T  (6.3)

The 4th cointegrating vector is:

b4 0 9282 0 0023 0 6290 0 1753 0 1191 0 1362= − − − . . . . . .
T  (6.4)

The 5th cointegrating vector is:

b5 0 0903 0 0026 0 1540 0 1126 0 0300 0 3670= − − . . . . . .
T  (6.5)

6.5.2. Condition monitoring and fault detection  
using cointegration residuals

Five cointegration residuals were calculated using the five optimal cointegrating vec-
tors established and six sets of SCADA data (representing six process parameters) that were 
acquired from the wind turbine during electricity production stage. The entire data (4320 data 
samples for each process parameter) were used in this calculation. The action of creating these 
five cointegration residuals  – as described in Section 6.3  – is basically performed through 
projecting the six sets of SCADA data on the five optimal cointegrating vectors.
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Selected results of condition monitoring process and fault diagnosis for the wind turbine 
using the 1st and 5th cointegration residuals are presented in Figure 6.8. The results are shown 
only for the first 1400 data samples, as mentioned in Section 6.4. Three process parameters 
(wind speed, generator speed, and generated power)  – previously plotted in Figure 6.5  – are 
plotted again in Figure 6.8a to ease the observation and assessment of the results. In this 
figure, the pairs of dotted horizontal lines also indicate the upper and lower limits of these 
parameters under the specified normal operating condition. In order to make the results in 
Figure 6.8b more clear and readable, the 99.7% statistical confidence levels  – with respect 
to the average of each cointegration residual  – were calculated as n ± 3s, where n and s 
are the mean and standard deviation, respectively. Two pairs of red dotted horizontal lines 
indicate these confidence intervals. The values of cointegration residuals between these two 
confidence levels fall into the area representing that the wind turbine is still operating in 
the normal condition. In contrast, abnormal problems or faults would occur whenever the 
cointegration residual goes beyond the confidence levels. Briefly speaking, turbine problems 
have been detected using the residual-based control chart.

Fig. 6.8. Selected results of condition monitoring and fault diagnosis: a) the abnormal operating state 
(F1) and the gearbox fault (F2) shown previously in Figure 6.5; b) monitoring process of F1 and F2 

using the 1st and 5th cointegration residuals in control charts, respectively [18]

a)

b)
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The results in Figure 6.8 show that the 1st cointegration residual successfully detects 
both abnormal operating state (F1) and gearbox fault (F2) while the 5th cointegration residual 
only detects the gearbox fault F2. In order to illustrate more specifically how cointegration 
residuals can be used for condition monitoring and fault detection of the wind turbine, moni-
toring processes of the abnormal operating state F1 and the gearbox fault F2 are enlarged and 
presented in Figures 6.9 and 6.10, respectively. Figure 6.9b reveals that the 1st cointegration 
residual exhibits almost the same abnormal behaviour (or state) of the generator speed, as 
expected (and shown in Figure 6.9a). Interestingly, this residual has selected to follow this 
abnormal (or critical) parameter, but not the other parameters. Figure 6.10 shows that both 
cointegration residuals successfully detected the gearbox fault F2. However, it is easy to 
notice that the first residual responded to the fault occurrence much faster than the fifth one. 
By observing the plot results, the gearbox fault F2 was detected by the first residual in the 
middle of the data samples 1230 and 1231 when the residual goes beyond the confidence 
level indicated by the dotted horizontal line, whereas the fifth residual identified the gearbox 
fault F2 at the data sample 1240 (not shown in Figure 6.10).

Fig. 6.9. Zoomed data from Figure 6.8 displaying the abnormal operating state (F1): a) original data; 
b) 1st and 5th cointegration residuals in control charts [18]

a)

b)
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Fig. 6.10. Zoomed data from Figure 6.8 displaying the gearbox fault (F2): a) original data;  
b) 1st and 5th cointegration residuals in control charts [18]

One might argue that this gearbox fault could be detected by directly monitoring the 
behaviour of wind turbine parameters (e.g., generator speed and generated power), without 
using the resulting cointegration residuals. This would be the case but the most important 
result presented here is that the gearbox fault F2 could be detected at the early stage of its 
occurrence by using the 1st cointegration residual. 

Figure 6.10 shows that this fault really came to effect at the data sample 1232 after 
the generator speed and generated power as well as the generator voltage and generator 
current were dropped down to the zero value. However, as mentioned above this gearbox 
fault was detected by the first residual in the middle of the data samples 1230 and 1231. 
A conclusion can be drawn from these results is that the 1st cointegration residual predicted 
in advance the occurrence of the gearbox fault F2. More specifically, in this case the gearbox 
fault F2 was detected one and a half sampling intervals (about 15 minutes earlier) before its  
occurrence.

a)

b)
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6.5.3. Discussion
Based on this case study a number of important remarks can be addressed and discussed 

in this section.
First of all, it is well known that the Johansen’s cointegration procedure is based on 

the maximum eigenvalue statistic method that can be shortly described as follows: Firstly, 
eigenvalues are evaluated from the characteristic equation. Next, the found eigenvalues are 
sorted from the largest to the smallest eigenvalue. Finally, the corresponding eigenvectors (i.e., 
normalized cointergrating vectors) can be calculated one by one from the sorted eigenvalues. 
This implies that the first and the last cointergrating vector is corresponding to the largest and 
the smallest eigenvalue, respectively. Because of this reason and based on the author’s practi-
cal experience on applying the cointegration approach for SHM, it was assumed that the first 
cointegration residual  – calculated from the first cointergrating vector  – would be the best one 
used for fault/damage detection. This was confirmed and illustrated in the results shown above.

Secondly, the data set  – used/selected for calculating the optimal cointegrating vectors  – 
have an important role on the condition monitoring and fault diagnosis results. It is advised 
to perform this calculation at the beginning of the WT’s lifetime when its components are 
considered “healthy”. One may consider creating several sets of optimal cointegrating vectors 
that represent different normal operating modes.

Thirdly, in the previous investigations on the application of cointegration method for data 
trend analysis, process monitoring and structural damage detection, the analysed data were 
signals of the same type, such as Lamb wave responses, vibro-acoustic responses, natural fre-
quencies of bridges, or a single wind turbine parameter. In the current work, different kinds of 
signals (in terms of six process parameters as discussed above) were analysed together. These are: 
wind speed (in mps), generator speed (in rpm), generated power (in kW), generator temperature 
(in oC), generator current (in A), and gearbox temperature (in oC). This means that four differ-
ent kinds of physical signals (i.e., speed, power, temperature and current) were simultaneously 
analysed by cointegration. It should be noted that the use of different kinds of time series in 
cointegration analysis is nature in Economics and Finance. For example, the money demand 
model implies a cointegration relationship between four different factors (i.e., money, income, 
prices and interest rates). However, it is the first time the cointegration method is applied to 
analyse different physical signals. This implies that the physical meaning behind the signals is not 
important in cointegration analysis. Instead, the common stochastic trends, the correlation and 
the long-run equilibrium relationship between the cointegrated time series are important factors.

Fourthly, the proposed methodology is portable and can be easily used by other operators 
due to the fact that the two-step cointegration-based data analysis procedure (presented in Sec-
tion 6.3 and Figure 6.1) is straightforward  – that is, the first step is to form the normal behaviour 
model and the second step is to perform the residual-based control chart. Based on these two 
steps other operators can easily perform their own analysis. In addition, this procedure utilises 
the Johansen’s cointegration algorithm that has been implemented as functions in the Economet-
rics Toolbox for MATLAB therefore one can perform the computation procedure immediately.

Finally, the proposed cointegration-based condition monitoring algorithm can be com-
puted on-line and deployed for real-time CM applications in the way that whenever a new set 
of SCADA data (in terms of process parameters) arrives, these data are instantly projected, 
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for example, on the first cointegrating vector to produce a new value for the first cointegration 
residual. This new value is compared with the pre-specified safety limits (i.e., the statistical con-
fidence levels) to determine whether the wind turbine is still working under the normal condition.

6.6. Case study 2:  
Using only the temperature data  
of gearbox and generator

It has been discussed in the literature that the temperature data of the gearbox bearing and 
generator winding may provide an early indication of generator, bearing, and gearbox faults 
[7–11, 13, 15, 17]. Hence, only the temperature data of gearbox bearing and generator winding 
have been used in the second case study for condition monitoring and fault detection of the 
wind turbine. More specifically, only three temperature parameters measured in the gearbox 
and at the generator (one in the front and another in the back of the generator) have been 
analysed. These temperature parameters are shown in Figure 6.11. Each parameter consisted 
of 4320 data samples. This forms a three-variable cointegrated system. Additionally, the 
same gearbox fault (F2)  – investigated in the first case study (presented in Section 6.5)  – is 
used in this case study for comparison and evaluation. Although only three temperature data 
sets are used, it is expected that the cointegration-based method (described in Section 6.3) can 
effectively monitor the wind turbine and reliably detect the gearbox fault as good as the first 
case study where various process parameters of the wind turbine were simultaneously analysed.

Fig. 6.11. Temperature data used in the second case study: a) generator temperature (front part);  
b) generator temperature (back part); c) gearbox temperature [24]

a)

b)

c)
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Because the temperature of the gearbox bearing and generator winding depends not only 
on the wind speed, but also on the power demand from the grid therefore this case study consid-
ers the temperature parameters of gearbox bearing and generator winding as the functions of 
wind speed and generated power. Figure 6.12a, b illustrates the relations between the gearbox 
bearing temperature and wind speed and generated power, respectively. One can easily notice 
a common nonlinear trend from these characteristics, i.e., the temperature of gearbox bear-
ing increases nonlinearly with the increase of wind speed and generated power. The relations 
between the generator winding temperature and wind speed and generated power are shown 
in Figure 6.12c, d, respectively. Another common nonlinear trend (in the form of a dead-zone 
saturation nonlinearity) can be observed from these characteristics, that is, the generator winding 
temperature also increases nonlinearly with the increase of wind speed and generated power, 
however there exists a dead-zone region in the middle.

Fig. 6.12. Gearbox bearing temperature v.s: wind speed (a) and generated power (b); generator 
winding temperature v.s: wind speed (c) and generated power (d) [24]

Following the lag length selection procedure  – presented in Chapter 4  – the lag length 
p = 11 was found to be the best/optimal value to be employed in the cointegration analysis 
for calculating the optimal cointegrating vectors in this case.

Next, as described above, there are two common trends (c = 2) presenting in this three-
variable cointegrated system (n = 3) so that the cointegration process might create as many as 
r = 1 linearly independent cointegrating vector (i.e., r = n - c = 1, where n = 3 and c = 2), as 
mentioned in Section 3.2. As a result, the following optimal cointegrating vector b was obtained 
and then the cointegration residual was calculated using this optimal cointegrating vector

b = − 10 8453 11 2645 0 5427. . .
T  (6.6)

a) b)

c) d)
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Selected results of the condition monitoring process and fault diagnosis for the wind 
turbine in the second case study are presented in Figure 6.13. The generator speed (previ-
ously plotted in Figure 6.5) is plotted again in Figure 6.13a to ease the observation and as-
sessment of the results. The temperature parameters and cointegration residual are plotted 
in Figure 6.13b and Figure 6.13c, respectively. In order to make the results in Figure 6.13c 
more clear and readable, the 99.7% statistical confidence levels  – with respect to the average 
of the cointegration residual  – were calculated as n ± 3s, where n and s are the mean and 
standard deviation, respectively. Two pairs of red dotted horizontal lines indicate these confi-
dence intervals. The values of the cointegration residual between these two confidence levels 
fall into the area representing that the wind turbine is still operating in the normal condition. 
Otherwise, abnormal problems or faults would happen whenever the cointegration residual 
goes beyond the confidence levels. So again, the turbine fault has been detected using the 
residual-based control chart approach.

Fig. 6.13. Condition monitoring and fault detection for the wind turbine using the residual-based 
control chart approach: a) generator speed; b) generator temperature (front part) and gearbox tempera-

ture; c) cointegration residual in a control chart [24]

a)

b)

c)
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The results in Figure 6.13 show that the cointegration residual successfully detects the 
gearbox fault F2. It should be noted that two other faults (one occurred between the data 
samples 410 and 418; and one occurred between the data samples 434 and 436) have been 
also detected. The former is indeed the abnormal operating state (F1) and the later is another 
turbine fault. The detection results of these faults are not presented and discussed here.

Fig. 6.14. Zoomed data from Figure 6.13 displaying in detail the gearbox fault detection results using 
the cointegration residual in a control chart [24]

To illustrate more specifically how cointegration residuals can be used for condition 
monitoring and fault detection of the wind turbine, monitoring process of the gearbox fault 
F2 is enlarged and presented in Figure 6.14. By observing the plot results, the fault was de-
tected by the cointegration residual in the middle of the data samples 1230 and 1231 when 
the residual goes beyond the confidence level indicated by the dotted horizontal line. This 
means that the gearbox fault was detected one and a half sampling intervals (about 15 minutes 
earlier) before its occurrence.

a)

b)

c)



The results obtained in the second case study demonstrate that the proposed method  – 
although applied for only gearbox and generator temperature data  – can effectively monitor 
the wind turbine and reliably detect the gearbox fault with almost the same quality as the first 
case study where four different physical signals (speed, power, temperature and current) of the 
wind turbine were simultaneously analysed by the same cointegration-based approach. This 
confirms that temperature data of the gearbox and generator can provide an early indication 
of wind turbine faults. Furthermore, the use of only gearbox and generator temperature data 
helps to reduce the number of sensors required for monitoring the wind turbine and simplify 
the cointegration-based data analysis procedure performed.

6.7. Summary and conclusions
Condition monitoring and fault diagnosis of wind turbines  – based on the cointegration 

analysis of SCADA data  – has been addressed in this chapter. An two-stage cointegration-
based data analysis procedure has been used for the purpose. The method has been illustrated 
using the experimental data acquired from a wind turbine drivetrain with a nominal power of 
2 MW under the effect of both environmental and operational variability where data trends 
have nonlinear characteristics. The method was validated using two case studies with known 
faults. The residual-based control chart approach has been used for operational condition 
monitoring and automated fault/abnormal detection. The results show that the method can 
effectively analyse nonlinear data trends, continuously monitor the wind turbine, and reliably 
detect abnormal problems for both case studies.

The method can automatically interpret and analyse a large amount of low-sampling 
rate SCADA data and enables a transition from a singular process parameter analysis to 
automatic interpretation and analysis of a large number of process parameters. In addition, 
the cointegration-based approach can compensate for undesired effects of environmental 
and operational variability in data used for condition monitoring and fault detection of wind 
turbines. Furthermore, the method is able to predict in advance the occurrence of the inves-
tigated gearbox fault F2 and detect this fault at the early stage of its occurrence  – which thus 
can improve turbine reliability and reduce maintenance costs by detecting failures before they 
reach a catastrophic stage.

It should be emphasized that simplicity and fast computation are the major advantages 
of the proposed method, if comparted with other techniques (such as NN-based and ANFIS-
based algorithms). As a result, the cointegration-based condition monitoring algorithm for 
wind turbines using SCADA data can be computed on-line and deployed on a computer for 
real-time CM applications.

In summary, the work presented in this chapter has contributed a simple, reliable and 
efficient SCADA data analysis/processing method for condition monitoring and fault diagnosis 
of wind turbines. However, this is still a feasibility study therefore further research work is 
required to test the method to other wind turbine SCADA database. In addition, the proposed 
methodology should be investigated for a large number of wind turbines with different types 
of fault/abnormal components. Further work on applying the cointegration-based approach 
for fault prognosis in wind turbines is also necessary.
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7. Summary and conclusions

7.1. Summary

Cointegration, a technique adapted from the field of econometrics, has recently been 
introduced to the SHM field as one solution to the data normalisation problem. The technique 
has proved to be a promising data-driven method for the removal of such common stochastic 
trends from nonstationary time series data. Since its first application in 2009, cointegration 
has been successfully employed in many real-world SHM applications for the purposes of 
removing common long-term trends caused by environmental and operational variations 
(EOVs) from SHM data such that damage or fault can be detected accurately and reliably.

This work has provided an overall document covering both fundamental theory (presented 
in Chapters 2–4) and practical applications of the cointegration technique for engineering 
in general, and for SHM in particular (presented in Chapters 5 and 6). The main contents of 
each chapter are summarised hereafter.

Chapter 2 introduced the concept of stationarity and nonstationarity of time series and 
then described the so-called unit root test which is used to verify whether a time series is 
stationary or not (in other words, it is used to test for stationarity in a time series). The Dickey-
Fuller (DF) and augmented Dickey-Fuller (ADF) tests  – the most widely used unit root tests 
in practice  – were then described. Three common trend cases, that is, no constant, constant 
only, and constant plus time trend were introduced in this chapter.

Following the introduction about stationarity and nonstationarity of time series, Chap-
ter 3 introduced the concept of linear cointegration, the Johansen’s cointegration procedure, 
the duality relationship between cointegration and common trends, and the ADF statistical 
test based procedure used for quantifying the degree of stationarity or nonstationarity of time 
series data. The Johansen’s cointegration procedure and the stationarity test procedure were 
clearly illustrated through a numerical simulation example using Weierstrass-Mandelbrot 
cosine fractal functions. This chapter has well illustrated for the linear cointegration theory 
and provided necessary knowledge for the reader to follow its practical applications presented 
in Chapters 5 and 6.

When applying cointegration for SHM one should bear in mind that the choice of lag 
length (or lag order) in cointegration analysis has a strong influence on damage detection 
results. Therefore the appropriate selection of lag length for cointegration analysis is very 
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important; and basically, this selection involves the estimation of the underlying vector autore-
gression (VAR) model. In order to specify a VAR model, one must determine the number of 
lags to include in the model in a systematic manner by using lag order selection approaches. 
Chapter 4 was prepared to address this issue. Firstly, three conventional approaches  – com-
monly used in econometrics literature for VAR model order selection  – were introduced. 
These approaches are based on the information criteria (ICs), the likelihood ratio (LR) test, 
and the sequential modified likelihood ratio (SMLR) test. Then a new approach for the optimal 
selection of lag length (or the number of lags) to employ in cointegration analysis used for 
structural damage detection was presented. The method is based on the stationarity analysis 
of data representing undamaged condition. The main idea is that cointegration residuals from 
undamaged condition are analysed for various lag length values. The lag length that produces 
the most stationary residual is then selected to be included in the cointegration procedure 
used for damage detection. This optimal lag length selection method was then utilised in the 
cointegration-based SHM applications presented in Chapters 5 and 6.

Chapter 5 demonstrated the applicability of the linear cointegration technique for SHM 
through two case studies: (1) Lamb-wave-based damage detection in aluminium plates in 
the presence of temperature changes, and (2) damage detection in composite plates using 
nonlinear acoustics under different low-frequency modal excitations. Three damage detection 
scenarios (i.e., based on geometrical features of cointegration residuals, wavelet variance char-
acteristics of cointegration residuals, and stationary statistical characteristics of cointegration 
residuals) were used for damage detection. The results have proved the effectiveness of the 
cointegration-based approach for structural damage detection based on SHM data heavily 
affected by environmental and operational conditions. The method was able to remove tem-
perature effects from Lamb wave responses as well as influences of modal excitation from 
vibro-acoustic responses and accurately detect damage in both cases.

Chapter 6 presented another practical application of the linear cointegration technique 
for condition monitoring and fault diagnosis of wind turbines using supervisory control and 
data acquisition (SCADA) data acquired from a wind turbine drivetrain under varying envi-
ronmental and operational conditions. The condition monitoring and fault detection process 
was based on the use of cointegration residuals in control charts. Two known problems of 
the wind turbine (an abnormal operating state and a gearbox fault) were used to illustrate the 
fault detection ability of the method. A two-stage cointegration-based data analysis procedure 
has been developed for this purpose. Two case studies were investigated in this research. The 
first case study used six different process parameters of the wind turbine (i.e., wind speed, 
generator speed, generated power, generator temperature, generator current and gearbox 
temperature), whereas the second case study used only the temperature data of gearbox bear-
ing and generator winding. In both cases, the common long-term trends induced by EOVs 
exhibited nonlinear characteristics. The results showed that, for both investigated case stud-
ies, the proposed methodology effectively monitored the wind turbine and reliably detected 
the gearbox fault with almost the same results. This confirms that temperature data of the 
gearbox and generator can provide an early indication of wind turbine faults. Also, the use of 
only gearbox and generator temperature data makes it possible to reduce the number of sen-
sors needed for the monitoring process of the wind turbine and at the same time simplify the 
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cointegration-based data analysis procedure. Moreover, the proposed method can be used for 
the analysis of nonlinear data trends and enables a transition from a singular process parameter 
analysis to automatic interpretation and analysis of a large number of process parameters.

In summary, it has been demonstrated through Chapters 5 and 6 that the linear cointegra-
tion technique  – employing the optimal lag length selected by using the method presented in 
Chapter 4  – can effectively compensate for the influence of environmental and operational 
variability in the engineering data such that damage or fault can be detected accurately and 
reliably. However, it is well known that response signals measured from engineering structures 
or processes often exhibit not only nonstationarity, but also nonlinear behaviour. Also, such 
common long-term trends caused by EOVs typically appear to be nonlinearly related with 
response data used for damage/fault detection. Therefore, the linear cointegration theory might 
be no longer suitable for engineering applications and nonlinear approaches to cointegration 
should be considered in the future.

7.2. Conclusions
Some overall conclusions of the work presented in this monograph are given and dis-

cussed as follows:
– This monograph has successfully demonstrated that cointegration is a suitable approach 

for the analysis of nonstationary SHM data, a reliable tool for the removal of EOVs in-
fluences from damage-sensitive features, and it is perfectly matched to SHM needs.

– This monograph has achieved its main objective defined at the beginning, that is, to 
present, prove and establish a reliable data analysis/processing approach  – based on the 
cointegration technique  – for SHM applications and process condition monitoring in the 
presence of varying environmental and operational conditions.

– Cointegration mostly deals with the data normalisation problem. This implies that us-
ing only geometrical features of cointegration residuals is often not sufficient enough to 
obtain good damage/fault detection results. Therefore, combinations of the cointegration 
analysis with other damage identification techniques and signal processing methods can 
be beneficial to the overall damage detection performance.

– Using cointegration residuals in control charts is well suitable for condition monitoring 
and fault diagnosis of industrial processes (e.g., wind turbines).

– As response signals measured from engineering structures or processes often exhibit not 
only nonstationarity, but also nonlinear behaviour. Therefore, an important step towards 
the extension of practical applications of the cointegration-based approach for SHM is 
to develop new nonlinear cointegration approaches for engineering applications. A good 
practice is to investigate the approaches developed within the field of econometrics and 
then adapt the suitable ones for the SHM problem.

– Finally, it is concluded that this monograph is the first attempt to bring together recent 
research developments related to the application of cointegration to the problem of 
structural damage detection and condition monitoring in SHM under the effect of vary-
ing environmental and operational conditions. The major focus is on the algorithms and 



damage detection methods based on the cointegration developed by the author for the 
last seven years. The major achievement is that the developed algorithms and methods 
address the problem of environmental and operational variability of the data used for 
damage detection and condition monitoring. This work makes significant contributions 
to Structural Health Monitoring.
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