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Abstract: We present an application of the direct (inductive) limit approach to Toeplitz opera-
tors on Segal-Bargmann space. The space corresponds to some analytic functions of infinitely
many variables that are square integrable with respect to a Gaussian measure. There are differ-
ent approaches to such operators that only seem equivalent but lead to different properties
of Toeplitz operators. Among the used tools are tensor products, isometric inductive limits
and frames.
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GRANICE INDUKTYWNE OPERATOROW W PRZESTRZENI HILBERTA

Streszczenie: Przedstawione zostanie zastosowanie techniki granicy induktywnej do okreSlenia
operator6w Toeplitza na przestrzeni Segala-Bargmanna. Przestrzen ta odpowiada pewnym
funkcjom analitycznym nieskonczenie wielu zmiennych, ktére sa catkowalne z kwadratem
wzgledem pewnej miary Gaussa. Do takich operatoréw istnieja rézne podejscia, ktére pozornie
sa rownowazne, jednak prowadza do réznych wiasnosci operatoréw. Posrod wykorzystanych
metod znajduja si¢ produkty tensorowe, izometryczne granice induktywne oraz kraty (frames).

Stowa kluczowe: granica induktywna operatoréw, operatory Toeplitza, przestrzefi Segala-Bargmanna,
iloczyn tensorowy przestrzeni Hilberta, kraty (frames)
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1. Isometric inductive limits

Let {#,} be a family of non-trivial Hillbert spaces, indexed by natural numbers
n € H. Suppose that for n <m we have isometric embeddings J,," of #, into #,, such that

Th=idy,

Jm=JmeJk for n<k<m.

Then the pair (%, J,") is called an isometric direct system. Denote by lim_, #,
the direct limit of this system with J,, denoting the isometric embeddings of #, into
lim_, #,. These embeddings are related to J," by the following equalities

Jy =Ty, 0 forall n<m.

Recall that due to the isometry of the embeddings J," one can identify J,"(#,,)
with some nested sequence of subspaces J,(#,) of an inner product space
Uy s (#,,) and the direct limit lim_, 4, is the completion of this union of subspaces,
becoming a Hilbert space, in which this union is dense.

Let us consider a sequence of self-adjoint operators A,, defined on dense domains
D, < #H,. For n <m we suppose that by J,"(D,) < D,,). The resulting limit operator will
be considered on the set D, c lim_, #,, defined by

@w = U Jk (@k)'

keN

We say that the sequence {4,,} of operators converges strongly and uniformly if for
any &, & > 0 there is a number N such that for any N <n < m and for J,,p € D, the
condition ||J,¢@|| < & implies

H (A i =174, )0 H <e.

The following results of (Marcenko 1974, 1975), provide sufficient conditions for
the existence and self-adjointness of the limit for this sequence of operators.

Theorem 1. If the sequence of operators {A,} converges strongly and uniformly on
the vectors from D.,, then the operator A given by the equality

AJ,@= lim JmAerrln(p (1)
M—oo

forJ,0 € D, is well defined and is essentially self-adjoint on D,
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Recall that a densely defined linear operator is essentially self-adjoint, if it is clos-
able (its adjoint has a dense domain) and the closure of this operator is self-adjoint.
For practical use we have more convenient criterion, namely:

Theorem 2. Suppose that for any € > 0 there exists a number N such that for all
N <n <m and for any ¢ € D, the following inequalities hold:

[(Amsz =24, ) o] <& (101 + | 4m ol + 4,01

Then the operator A defined by (1) is essentially self-adjoint on D,

These theorems were generalized for sequences of densely defined closable oper-
ators (not necessarily self-adjoint) by Janas (1995) in the following way. Let D, c #,
denote the domain of the adjoint 4, for our operator 4,,. We suppose that the above
domains satisfy the following condition for any n < m:

I3 (Dy) © Dy Iy (D) < Dy 2

Theorem 3. Let {A,,} be a sequence of densely defined closable operators in 9, satis-
fving (2). Assume that for any € > 0 there exists number N such that for every N <n <m
and any ¢ € D,, y € D, we have

| (Ani =72 40 Yo | < I+ | 0l + 1 Al

)

(=47 ) Ay

<e( vl vl

Then the formula

Al,o= lim J, A,J,'¢

M—yoo

defines a closable densely defined operator A on D.,.
Moreover, for any limit ],y c DX the limit

BJ,y= lim J,A:J"v
m—>c0

exists and Bc A™

2. Frames in tensor product spaces

We will be concerned with Hilbert spaces endowed with frames. These objects are
in some cases more convenient to use than orthonormal bases. Let us recall that
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a frame in a Hilbert space # is a sequence of vectors ¥ := {f,,}, where f,, € #, for which
there exist constants 0 < a < b < o such that

alhl? < 3 |(h, fi ) <blIRIP for all he 2 3)
keN

The constants a, b are called the upper and lower frame bounds. With the frame 7
there is associated an operator S called the frame operator defined by the following
equality

Sh="Y (hfi) fi forall he 3 4)
keN

The inner products ¢, f;) are called the frame coefficients of the vector 4. The
series defining this operator S converges unconditionally because any frame is a Bessel
sequence, which means that the frame coefficients of any 4 € # are square summable
and their >-norm is bounded by some multiple of || ]|

Let G = {g,,} be a frame with bounds 0 < ¢ <d < o for the Hilbert space #. If for
any h € #{ we have

h="Y (hge)fie =D, (hfi) g ©)

keN keN

then we say that the frame G is a dual frame to F and (5) is called the reconstruction
formula. Dual frames are not unique in general. Since the frame operator S is invert-
ible, the set F 1= {S _1fn} is also a frame with bounds 0 < b <! < oo, called the
canonical dual frame for 7. From this we see that for any frame there exists at least one
dual frame.

If the Hilbert space # is embedded in another Hilbert space X, then the right-hand
side of the reconstruction formula (5) for any pair of dual frames in # defines an orthog-
onal projection from X to #. Namely, let ¥, G be a mutually dual pair of frames in #.
Then we denote by P an operator defined by the right-hand side of (5). Forx,y e X

(Px.y) =<Z <x,gn>fmy> =3 (x.8.)(fny) =

_ <Z€,n§<}<y,fn>gn> . ;,n%<y,gn>fn> = (x, ),

P=Y (Prg) =Y <2 (%,84) fio gn>fn =

neN neN \keN

=3 Y na) o gn) o= D (% 8k) D i 8n) o = D (% 81) fie = Pr.

neN keN keN neN keN
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The equality = holds because f; € # and we use the reconstruction formula (5).
Since these equalities hold, we conclude that P = P?=P*soPisan orthogonal projec-
tion (from X to #).

For further references on frames one may consult Christensen (2008).

Definition 4. If the sequences of frame bounds a,, b, for a family of frames {¥,} in
Hilbert spaces H,, satisfy

0< lim g, < lim b, <eo,
n—eo n—eo

then we call {¥,,} an admissible family of frames.
For everyn € I\, let G, be a dual frame to 7, with bounds 0 < ¢,, £d,, < . If {¥,,}
is admissible family of frames then exists at least one family {G,} of dual frames which is

also admissible. For example, if G, = 7, !is the canonical dual frame to 7, ,, then {7, 1)
is admissible because the following inequalities hold

0< lim b, < lim a,' <o,
n—o0 n—o0

From now on we will consider the following types of Hilbert space families.
Let {#,,} be a sequence of non-trivial Hilbert spaces. The tensor product of finite
amount of 7, spaces (say, of m spaces) will be denoted by #{,,), namely

m
ﬂ[m] = ® }[k (6)
k=1

If we fix an arbitrary sequence of norm one vectors ¢, € #, then we can define
isometric embeddings

no._:
Jn = ldj{[n]’

m
Ty i Hp 3 h— h® ®eke Hyyy) for all n<m.
k=n+1

In a natural way the pair (%), J, 7t forms a direct system with direct limit denoted

by lim_, #{,;;. The isometric embeddings of #/[,,) into lim_, 7|, are given by

Jn .7{[”] Sh—h® ® (RS 11m_>.7'[[n]
k=n+1
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It will be convenient to use the notation #, for the obtained direct limit space.
Namely, let

He, = lim_> .'7'[[,1] (7)

Note that this is not the same as the notion of infinite tensor product ®:=n+15{ k-
The latter space can be defined in two inequivalent ways and the differences between
von Neumann’s definition and the one used by Berezianskii are discussed in Rudol
(1992).

Now we use Theorem 2 to construct a frame in #_, from an admissible family of
frames in %[,

The next two lemmas will be useful in construction of frames by tensor products.

Lemma 5. Let 7; be a frame in Hilbert space H; with bounds 0 < a; < b; < oo for
i =1,2then

F®F ={fy @8k : fn€ H, 8k € Farn, ke N}

are the frame in the Hilbert space H; ® #, with bounds 0 < aja, < biby < oo.
Proof. 1t is sufficient to show frame inequalities (3) for tensors of the form
h=h ®hy,e H ®4H, Forf, e ¥, 8. € F, we have

Y (mfegf= S [(memf o) =

(nk e N? (nkEN?
= S s £ ) N ) = 3 s £ | )
neN keN neN keN

In the next step we estimate this from above

S (s £0F 3 o, @) < bl - o | P =
neN

keN
= byby |y ® hy|[* = byby I

In a similar way we estimate from below, so the constants 0 < aja, < b;b, < oo are
the frame bounds for ¥; ® 7,.

Lemma 6. If S; is the frame operator for the frame F,, i = 1, 2, then the operator
S ® S, is the frame operator for | ® F».
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Proof. For the proof we show the equality (4) for tensors 4 = h ® h, e H;® H,. Let
us denote by S the frame operator for the frame 7| ® 7.

Sh = 2 <h7fn®gk>fn®gk: 2 <hl®h2’fn®gk>fn®gk:

(n,k)eN2 (n,k)eN2
=D D (. f) (i) f ® gk = D, (s ) £, ® Y, (Mo, gi) gk =
neN keN neN keN

=Sih ® Sohy =85, ® S, (hy ® Iy) = §; ® Syh.

So, we have S = §,® S,.
Let {7, } be family of frames, where ¥,, is a frame for a space %, with frame bounds
0 < a, £ b, < . If the frame bounds satisfy the following condition

0<JJans []bu< (8)
neN neN

then we can construct an admissible family of frames by taking tensor products in the
following way.
Let us denote by 7|, the tensor product of the first n frames,

n n
Finy = QT =1/ =@ fo  fo, € T =1, - Pa)eN" 1
k=1 k=1

After some easy calculations (using Lemma 5) we notice that 7, form a frame for
the space 7, with frame bounds 0 <[], @, <[, bn <o The frame operator for
Fnyis of the form Sy, := ®Z=lSk‘

Theorem 7. If {,,} is an admissible family of tensor products of frames then for every
€ > 0 there exists a number N such that for all N <n < m and any h € 9{,,; we have

and the operator S given by
m—soo

forJ,h € H,, (in the notation (7)) is well defined and is essentially self-adjoint on H...
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Proof. First, we notice that domain of S}, is the whole %}, so the condition
J,TQ)(S[H])C Q)(S[m]) for all n < m is satisfied.

For the convenience of the reader, we will introduce several notations.

m m
e{n,m} = ® €Ly S{n,m} = ® Sk’
k=n+1 k=n+1

k:=(ab)e N"xN"™".

Letbe h e 7). First for n < m we write some useful equality.

S[m]Jznh = Sim] (h ®€{n,m}) = Z <h®€{n,m}, fk>m fk =
keN"

=3 Y (k) (enm ), F®f=

acN" beN"™"

=(Z <h’fa>nfaJ®( Z <e{nvm}’fb>m—nfb -

acN” be N7
= (Spm1) @ (Stnmpernam )
Now we turn to the key estimate
(S =235 ] = Sio) © (Stmams€tn s )= (S @ e =
= (Sin#)© (St myenms = tnm )| =

= "S[n]h" “(S{n,m} - I)e{n,m} “ < "S[n]h” "e{n,m} " < "S[n]h"&

m
IT 61
k=n+1

The inequality (S) is due to the fact that Sy, ,,) is a frame operator for the frame
®le” +1Jk with upper bound equal [T}, ., 5. And the Cauchy condition for infinite
product gives us inequality (). Hence the proof is finished by invoking Theorem 2.

Let G,, denote a dual frame to 7, with bounds 0 < ¢, < d,, < e such that the
family { Gln] —®k 1gk} is admissible. For the next theorem we assume that each
Hilbert space #,, is embedded in some Hilbert space X, and we denote by P, the
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orthogonal projection defined by the reconstruction formula (5). We introduce the fol-
lowing additional notations

m
Ginmy = ®§ka Kin) —®7Cka Kinmy = ®7Cka

k=n+1 k=n+1

Hn —®Pk, Py = ®Pk

k=n+1

Theorem 8. If {7}, {G[y)} are admissible and dual families of frames, whose
bounds satisfy (8) then for every € > 0 there exists a number N such that for every N <n<m
and x € K|, we have

[P = 7t By | < 2 (e By ]+ | ]

and the operator P given by

PJ,x= lim /J, P[m]J X.

Nl—00
For J,x € K, is a well-defined orthogonal projection form X, to H,..
Proof. In first step we notice that D(P},)), the domain of P, is the whole X,

s0 D(P,)) meets the condition ID (P[n]) c Q)(P[m]) for all n < m. For x € X,) and
m > n, have k: = (a, b) € N x N""™ we have

P[”]J,Tx = A (x® €{n,m} ) = Z <x® Cn,m) 8k > k=
keN"

= 2 <x®e{n,m}aga®gb>fa®fb =
(a,b)eN"xN""

=< D <x,ga>fa>®<bez <e{n,m}’gb>fb>=

acN" N7

=< 2 <x’ga>fa> ®P{n,m}e{n,m} = P[”]x®€{”’m} = J,TP[”]}C.

acN"

The equality (=) holds because ey, ,,3 € Hy, 3 and Py, is an orthogonal
projection onto H, ,,;. Now we write

H B/ = I3 Bl ) x

= | (72 By ) x| =

The operator P: X, — X.. is well defined by Theorem 2.
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Ifx € X, then there existsx,, € Kin) for some n € N such that x = J,x,,. Moreover,
for m > n we have

Pr=lim J, B i, = lim J,,J 0 Py, = lim J, B, = J, Pty € Ao
m—oo m—oo

M—soo

From this we deduce that the range P(%.,) of P equals X ..
Forx, y e K., there exist x,, € K[}, yx € K such thatx = J,x,,, y = J,,y;. Without
lost of the generality we assume that k <n. Then

(Px,y)=(Plyxp, I yi ) = <JnP[n]xm Jk}’k> = <P[n]xn ® g et T Vi ® e{n,oo}> =
= Byt 723 ) Jetman|” = (s P etna” =
= (o TE R einsor = (o0 ® €t T Bae @ty ) =
=

TnXns T Biyyi ) = X, Py
and

2 2 2
P?x=P?J,x, = P(J,Pypxy )= InBytn = JuPlutn = Ply Xy = Px.

We have P = P2 = P* 5o P is the orthogonal projection from X, onto 4.

3. Operators on Segal-Bargmann spaces

In this section we briefly recall some informations about Segal-Bargmann spaces.
Let us denote by

u(z)="exp (ol Ja(2)

the one-dimensional Gaussian measure on C. Here o is some positive parameter and A

denotes the standard Lebesgue measure on C. For d € [N the d-dimensional Gaussian
o o ~d

measure is given by Wy(z):= ®p=1 H(z,), where z = (zy, ..., z,) € C% If we take

a scalar product (f,g):= '[(*df(z),gTz) diy(z) and the norm |f]|:=/(f. g), then the

space of the equivalence classes of all functions having this norm finite is a Hilbert
space denoted by LZ(Cd, duy)(= LL% for short). The equivalence here means equality
almost everywhere (i.e. except some set having zero measure). In some cases, the
choice of representatives from such equivalence classes becomes obvious and this is so
for analytic functions. If the domain of an analytic function is the whole 4, we call it
an entire function.
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Definition 9. The set of all entire functions of d complex variables that are square-
-integrable with respect to dy, is called the Segal-Bargmann space F,.
The F, space is a closed subspace in Lﬁ.

Definition 10. If a function ¢: C — C is u-measurable and P denotes the orthogonal
projection from L*onto F 1» then the operator defined by

To: F oD(T,)> f - P(of)e K

on the set Q)(T(p) = { fe R :ofe Lz} is called Toeplitz operator and the function ¢ is
called the symbol of this operator T .

From now we take %, = L*(C, du), #, = F,. Using the notation of (6) we have
Kin] = L,f and #H,) = F,.

It will be useful to write the following (isometric) identifications of tensor
products:

I2®12 =12, F,®F,=F,.,.

Now we define the isometric embeddings

I 25 e fele 2 ©)
where f e L,f and 1 is the constant function 1(z) = 1,z € C. We can construct two pairs
of the isometric direct systems <L,21, J ,’1”>, <Fn, J ,’1”> and the direct limits for them. We

notice that lim_, F,, is closed subspace in lim_, L,%.
Let us introduce the following convenient notations

=] .0, 17 =lmL},
neN -

F.=|J JF, I =limF,
neN -

Recall that 1.2 and I are the completions of L2, resp. F,.. Explicit form of the
isometric embedding for above direct system is as follows

m
I e f®lym=f® X) 1e 2,

k=n+1

T3 f f®lyuy=f® X) 1e 12
k=n+1

In Janas and Rudol (1990, 1994, 1995) the authors studied bounded operators
that are some generalization of Toeplitz operators acting on functions of finitely
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many variables. They used two non-equivalent approaches, direct limit and “measure-
-theoretic”. For the direct limit they give some conditions for the compactness of
Toeplitz operators in contrast to the non-existence of nonzero compact Toeplitz opera-
tors in the second approach.

The idea of constructing the Segal-Bargmann(-Fock) space of infinitely many
variables via direct limits is due to Segal (1978). In the case of functions of finitely
many variables, Toeplitz operators on F; were used by by Berger and Coburn (1986,
1987) to represent observables from quantum mechanics.

Now we define Toeplitz operators on the direct limit [¥. We use an admissible
family of frames to obtain convenient form of the orthogonal projection P form L2
onto [ (Theorem 8). This is a preparation for the future study of properties of
these operators.

By L; we denote the function space of all k-variable essentially bounded
W-measurable functions. Recall that the essential supremum which serves as a norm
for a function ¢ in this space is given by

ol =inf{C >0 : |(p(z)| <C for uy-a.eze Ck}

Using isometric embeddings like (9) we can construct isometric direct system
<E;,°, J,T> with L = Une;\, J,L; and L7 :=lim_, L.

Definition 11. If ¢, € [} then ¢ =J, @) € L, and the Toeplitz operator with symbol ¢
is given by

To: 1 2D(Ty)5 f - P(ef)e I

where fe Q)(T(p) :={fe F:ofe Lz}(=F).

We write how the operator T, acts on f € I in some cases. If f € F, then there
exists f,, € F,, such that f = J, f,,. Now we have forn < k.

Tof =P(Jk(PkJnfn)=P(Jk ((Pkfflffn))=JkP[k]((PkJ;]ffn)=JkT(pk (J;]ffn)
and forn >k
Tq)f=P(Jk(pk-lnfn)=JnP[n](Jl’cl(pkfn)=JnT]Z(pkfn'

If f e ['\F,, then exists a sequence {f,} c F,, such that lim,,_,.,||f - f,,|| = 0. Hence,
we can estimate

7o (F = 1) =[P (o(f = )] < ol I = fou —==—0

and we have T, f = lim,, .. Ty f,.
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Definition 12. If ¢ € L"\L2 then there exists a sequence {@,} c L2 such that
limy_,..|| @ — @|| = 0. Toeplitz operator with symbol ¢ is defined by

Tof ::kh_IEQT(Pkf’ fel
This operator is well defined because for all f e I we have the following estimate
||T(Pk f=T, f" = ”((Pk ~Pm )f" <Ilox = @m] [ £] < €]l f]-

So, we notice that the sequence {7, f} is convergent and the limit does not
depend on the choice of particular {¢;} approximating ¢.

Theorem 13. Let ¢ € L2, so that ¢ =J,@y for some ¢, € L. If Ty, # 0 then T,
cannot be compact.

Proof. By contradiction we assume that T, is a compact operator. If we take any
sequence {f,} c I weakly convergent to 0 then there should be [T, f, ||£>0 So,
we take a sequence of vectors of the form f,, :=J; (g@ fn) where g € Fy, ﬁe F.
What is more we assume that T, ¢ #0 and fn is weakly convergent to 0 ( fn —0) but it
is not norm convergent. From thls we have f,, — 0. Now we write the following equalities

INAE “P(Jk(Pk Jien (g®f;)) “ = “ij+1 (J/]cﬁl(Pk ' (g®f;)) H =

=“Jk+1ffk+1] (x®1)(2® 1) ‘=Hffk]®Pk+1 (k- 8)® (1) ‘=

“F[k] (0 8)® Prsa (fo

)| =[7o, 871

The first term ||T(Pk g” is constant (non-zero) and the second term ”3‘;” is not con-
vergent to 0 so |7 f,| do not converge to 0 which is a contradiction with assumed

compactness of the operator 7, This ends the proof.

The author wants to express his gratitude to professor Krzysztof Rudol for conversa-
tions and numerous comments that helped write and improve this article.
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